
Waves (II):
Reflection, Superposition, 

Interference and Standing waves



Reflections, Boundaries, 
Boundary Conditions

Fixed End:
The string exerts an 
upward force on the 
wall.
Newton’s third law: 
the wall exerts an 
equal downward force 
on the string, resulting 
in an inversion of the 
pulse.

Free End:
The upward force 
exerted by the string is 
transferred to the 
upward motion of the 
ring, resulting in the 
pulse being reflected 
without inversion

The properties of a wave depend on the boundary conditions at its extremities.



Superposition, Interference

Constructive Interference Destructive Interference

1. Each wave proceeds unimpeded by the presence of the other
2. The net displacement of any particle in the wave is the algebraic sum of the 

displacement caused by each of the individual waves



Sum, etc…

• Two waves:
– y1(x,t) = f(x-vt);  y1 travels toward +x

– y2(x,t) = g(x+vt); y2 travels toward –x

• Sum:
– y(x,t) = y1(x,t) + y2(x,t)

• The rest is (only) calculations…



Standing Waves (I)

• Boundary conditions: y(x=0)=y(x=L)=0
• The wave pattern doesn’t appear to move, only Amplitude change
• Node (N): point of zero displacement
• Anti-Node (A): point of maximum displacement



Standing Waves (II)

• Traveling wave y1(x,t) + Reflected Wave y2(x,t)  
= y(x,t) [Harmonic waves]

• Boundary conditions:
– y1(x,t) = A cos(kx – wt)
– y2(x,t) = -A cos(kx + wt) [Newton’s 3rd law]

– y(0,t) = A cos(-wt) – A cos(+wt) = 0
– y(L,t) = A cos(kL – wt) – A cos(kL + wt) = 0

� y(L,t) = 2 A sin(kL) sin(wt) = 0
� sin(kL) = 0 � kn = np/L



Standing Waves (III)

y(x,t) = y1(x,t) + y2(x,t) = A ( cos(knx – wt) - cos(knx + wt) )
= A ( cos((np/L)x – wt) - cos((np/L)x + wt) )
= 2 A sin((np/L)x)  sin(wt)

Nodes: 

y(xnode,t)=0 � sin((np/L)xnode)=0 
� (np/L)xnode=mp

(0� x� L) � xnode = mL/n (m� n) 

With k = 2p/l � l n = 2p/kn = 2L/n
� xnode = ml n/2 (m� n)



Standing Wave for a string

• Velocity of a transverse wave on a string or a thin 
rope: v = � (F/m)
– With: F: tension applied on the string (N)
– And: m: linear mass density (g/m)

• With: v = l /T = ln
l = � (F/m) / n

[Applet]

For mechanical waves: v =
(inertia resisting the return to equilibrium)

(restoring force returning the system to equilibrium)�



Exercise

For a transverse standing wave: 
y(x,t) = 0.6 sin 3px sin 5pt ,where x and y are in meters and t in seconds

Find the nodes.

The nodes of a standing wave are those points for which the transverse 
displacement is zero at all times, i.e.

y(x,t) = 0.6 sin 3px sin 5pt =0 for all t

sin 3px = 0 � 3px = np (n=0,±1, ±2, …)
� x = n/3 (n=0,±1, ±2, …)

The nodes are: …, -2/3m, -1/3m, 0m, +1/3m, 2/3m, …



Beats

• Beats: superposition of two waves of slightly 
different frequency: they interfere to give a 
pulsating amplitude.

[Applet]

y(t) = y1(t) + y2(t) = A ( cos(2pn1t) + cos(2pn2t) )
= 2 A cos 2p( (n1-n2)/2 )t . cos 2p( (n1+n2)/2 )t

Low Frequency (“beat frequency”) “High” Frequency



Doppler Effect: Fixed Source, Moving Listener

Source: Wavelength: l = v / ns with ns, frequency at the source S

Listener: Relative velocity of the wave front = vL + v
Same wavelength, but now different frequency: nL = (vL+v)/l
l = v / ns

� nL = ( (vL+v) / v ) ns



Doppler Effect: Moving Source, Moving Listener

Source: moving at velocity vs. During one cycle: Ts = 1/ns, the wave travels 
a distance of: vTs = v/ns, while the source travels vsTs=vs/ns.
Wavelength (distance between two crests):

In front of the source: l = (v / ns – vs / ns)
Behind the source: l = (v / ns + vs / ns)

Listener: Relative velocity of the wave front = vL+v
nL = (vL+v)/l with l = (v + vs ) / ns

� nL = ( ( vL + v) / (vs + v) ) ns



Sound Barrier and Shockwave


