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The Schrodinger Wave Equation

 The Schrodinger wave equation in its time-dependent
form for a particle of energy E moving in a potential V in
one dimension is
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e The extension into three dimensions Is
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where i=+-1 is an imaginary number.



General Solution

The general form of the wave function is

Y(x,t) = Ae"® ) = Alcos(kx — wt) +isin(kx — wf)]

which also describes a wave moving in the x direction. In
general the amplitude may also be complex.

The wave function is also not restricted to being real. Notice
that the sine term has an imaginary number. Only the
physically measurable quantities must be real. These include
the probability, momentum and energy.



Y : The Wave Function

* People gave some long thoughts to what
was Y, the wave-function (even Schrodinger
himself)

The Schrodinger equation allows to calculate analytically [exactly] quantum problems,
but it does not reveal the nature of Y. Schrodinger called it “field scalar”.



Properties of the wave function

(
—1926). The probability P(x) dx of a particle being

between x and x+dx was given in the equation:

« The probability of the particle being between x; and X, Is
given by

 The wave function must also be so that the
probability of the particle being somewhere on the x axis is 1.
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Boundary Conditions

In order to avoid infinite probabilities, the wave function must be finite
everywhere.

In order to avoid multiple values of the probability, the wave function
must be single valued.

For finite potentials, the wave function and its derivative must be
continuous. This is required because the second-order derivative
term in the wave equation must be single valued. (There are
exceptions to this rule when V is infinite.)

In order to normalize the wave functions, they must approach zero as
X approaches infinity.

Solutions that do not satisfy these properties do not
generally correspond to physically realizable circumstances



Time Independent
Schrodinger Wave Equation (1)

Simplification possible if the potential is not time-dependent [happens in many cases]

The dependence on time and position can then be separated in the
Schrddinger wave equation. Let :

which yields:

Now divide by the wave function:

The left side depends only on time, and the right side depends only on
spatial coordinates. Hence each side must be equal to a constant. The
time dependent side is



Time Independent
Schrodinger Wave Equation (1)

We integrate both sides and find:

where C is an integration constant that we may choose to be 0. Therefore

This determines f(t) to be

This is known as the time-independent Schrddinger wave equation , and itis
a fundamental equation in quantum mechanics.

Energies E are the of the equation



Solution — Stationary State

e The wave function can be written as:

* The probability density becomes:

[Note: Newton’s law can be deduced from the Schrodinger equation]



Probabllity and Expectation Values

 Because we are dealing with probabilities, we are likely
to get different results for many measurements of the
physical observables [position, momentum, energy
etc...]

 The average measurement [called | of
a given quantity can be calculated using wave functions.



Continuous Expectation Values

 We can change from discrete to
continuous variables by using the
probability P(x,t) of observing the
particle at a particular x.

» Using the wave function, the
expectation value is:

* The expectation value of any
function g(x) for a normalized wave
function:
Abbreviated Notation:




Operators

 Momentum:

e Enerqy:




