
The Hydrogen Atom



Schrödinger Equation and 
the Hydrogen Atom

• Hydrogen = proton + electron system

• Potential:

• The 3D time-independent Schrödinger Equation:



Radial Symmetry of the potential

• The Coulomb potential has a radial symmetry V(r): 
switch to the spherical polar coordinate system.

Schrödinger Equation (in spherical polar coordinate system):



Separation of Variables (I)

• In the spherical polar coordinate, the wavefunction y
is function of r,q,f .

• Solution may be the product of three functions:

• Derivatives of y (the ones useful to solve the 
Schrödinger equation):



Separation of Variables (II)

• Into the Schrödinger equation:

• x (r2sin2q / Rfg)

Depends on r and q Depends 
on f only

= C



Azimuthal Equation

• One can solve the right hand part of the equation

• Assuming C = -m �

2 (with a little bit of clairvoyance!)

• Solution:            (with m � = integer (positive/negative) or zero)



Left side of the equation

• Looking at the left side of the equation = � m �

2

• And rearranging the equation by separating the 
variables (again):

Depends on r Depends on q

= C



Radial and Angular Equations

• Setting the constant to ( +1) [with even 
more clairvoyance!]

Radial equation

Angular equation



Solution of the radial equation (I)

• Solving for =0 (m �=0):

becomes

Solving             and introducing V(r):  d
dr(       )



Solution of the radial equation (II)

• Solution:

• Solving the equation with:

= 0 = 0

The Bohr Radius:Ground State 
Energy Level



Quantum Numbers

• Boundary conditions lead to:

•  = 0, 1, 2, 3, . . .
• m � = � , �  + 1, … , �2, �1, 0, 1, 2, … ,  � 1, 
• |m �|   and  < 0.



Radial Wave Functions Rn (r)



Solution of the angular and 
azimuthal equations

Y �

m(q,f ): Spherical Harmonics

• Combining the angular 
and azimuthal solutions



Solution of the Schrödinger 
equation for the Hydrogen atom

• The three quantum numbers:
– n Principal quantum number
–

�

Orbital angular momentum quantum number
– m � Magnetic quantum number

• The boundary conditions:
– n = 1, 2, 3, 4, . . . Integer
–

�

 = 0, 1, 2, 3, . . . , n � 1 Integer
– m � = �

�

, �

�

 + 1, . . . , 0, 1, . . . , 

�

 � 1, 

�

Integer

• The restrictions for quantum numbers:
– n > 0
–

�

 < n
– |m �| 

�

 

�



Probability Distribution Functions
3 different electron states


