
Consequences of the special 
theory of Relativity (I)



Relativistic Velocity Transformation

Question: you are “riding” a light beam, while another light beam comes towards 
you. What speed do you measure for the approaching beam ?

1. v = 0

2. v = c

3. v = -c
4. v = 2c

5 v = -2c

6. Don’t know 



Differential of Lorentz
transformation

Two reference frames K and K’, with K’ moving away from K in the x positive direction
at constant velocity v. From the Lorentz transformation equations, we get:



Then…

defining velocities as: ux = dx/dt, uy = dy/dt, 
u’x = dx’/dt’, etc. one can shown that:

With similar relations for uy and uz:

Note: uy� u’y and uz� uz’ because dt� dt’ !



Inverse formula

K is moving away from K’ with a velocity –v, so:



Question: you are riding a light beam, while another light beam comes towards 
you. What speed do you measure for the approaching beam ?

For the outside observer (in K), you are traveling at v=+c and the light is coming 
towards you at ux=-c. You need to find out the speed u’x of the incoming light in 
your own referential (K’)

Answer…

u’x = -c



Terror in Space !
The space station is threatened by an asteroid !
A space ship is sent to intercept the asteroid. It is moving away from the space 
station at a speed of 0.8c. It fires a proton beam parallel to its direction of motion 
towards the asteroid. The beam moves at a speed of 0.6c relative to the ship. 
What is the speed of the missile for the observer on the space station ?

The spaceship is moving at 0.8c with respect to the earth: v = 0.8c
The missile is moving at 0.6c with respect to the spaceship: u’x=0.6c

One needs the speed of the missile observed by the observer: ux ?

Answer: ux = 0.946c



Terror in Space (II)

The asteroid is approaching the space station at 0.2c, while the proton beam is racing 
towards it at a velocity of <answer from the previous slide>. If there is a life form on 
the asteroid, at which speed would it measure the velocity of the proton beam ?
And so on, and so on…



Relativity of Time
E: Emitter
R: Receiver

E R

L0

For the observer attached to the system:
Dt0=2L0/c

Flash of light emitted by E and received by R:

The system is moving at a velocity v. The outside observer sees:

E R E R E R
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vDt

v v v

[See Applet]



Time Dilation

• For the outside observer:
– The system has moved d=vDt, while the light 

has traveled Dt=2L/c
– Pythagoras theorem: L=� (L0

2+(vDt/2)2)

• With L0=cDt0/2 and a bit of calculation:

DDDDt = gDgDgDgDt0

Dt0: proper time, e.g. time measured by the clock attached to the system
Dt >Dt0 : the clock runs always slower for the outside observer.

(e.g. the clock runs slower and slower when v approaches c)



Example
A simplified version of an experiment, which actually took place to measure the 
prediction of the special theory of relativity:
A cesium atomic clock (a highly precise timing device) is flown around the earth at 
1000 km/h. How much time does it lose relative to a similar clock that remains at the 
origin ? (Circ. Earth = 40,000 km)
[SIMPLIFICATION: fixed earth frame: non-rotating, non-orbiting, flight at constant 
speed (acceleration and deceleration neglected)]

v = 1,000 km/h = 106m/h = 278 m/s
T = 40,000/1,000 = 40h = 40 x 3600 s

Binomial expansion: 
g= 1 + 0.5(v/c)2 = 1 + 0.5 (278 / 3.108)2 = 1 + 4.3.10-13

Every 1s, the moving clock is losing 4.3.10-13 s compared to the clock at rest
After 40h, the moving clock lost: 4.3.10-13 x 40 x 3600 = 62ns


