
Relativistic Dynamics (I)



Preliminary Remarks
• Conservation of energy and conservation of 

linear momentum are cornerstones of physics 
(please do not touch, if possible !)

• Classical physics predicts that, if one applies a 
force to a system for long enough, one should 
be able to accelerate this system to velocities 
higher than the speed of light � Now forbidden 
in the relativity framework

� Modifications are necessary to retain the 
conservation laws, while abiding by the relativity 
principles



Classical Momentum and 
Lorentz transformation

• Conservation of Linear Momentum
– Initial: (x-axis): pxi = mu + m(-u) = 0

(y-axis): pyi = 0
– Final (x-axis): pxf = 0

(y-axis): pyf = mu + m(-u) = 0
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In the referential of particle 2

• Lorentz transformation to calculate the 
momentum in the referential of particle 2

• Classical Momentum is not conserved through 
Lorentz transformation. Conserved only if: u<<c 
� Back to Classical Mechanics

p’xi = m (2u/(1+u2/c2)) + m(0) = 2mu/(1+u2/c2)
p’yi = 0

p’xf = mu + mu = 2mu
p’yf = mu � (1-u2/c2) + m(-u � (1-u2/c2)) = 0 

�



Relativistic Momentum 

• Introducing the relativistic momentum
(without further calculations)

Note: be careful with g. In this case, it is a correction linked to the actual 
velocity u of the object. It is NOT the gused in the Lorentz transformation, 
where u is the relative velocity between two referential frames.

[Exercise: use the relativistic momentum formula to prove that linear momentum is
now conserved in our example. You should find: p’xi = p’xf = 2gmv]



Relativistic Mass and Rest Mass

• Relativistic Momentum:

• To recover the standard expression of 
classical momentum, one could define 
m=gm0, where m0 is defined as the rest 
mass and m as the relativistic mass

p = gm0u

p = mu



Meaning ?

• As noted before, if u� c then g� �
• The momentum of the object considered 

would then also � �

• e.g the relativistic mass m=gm0� �

The mass of the object is imagined to increase at high 
speed. It is one way to grasp the fact that an object with 
a non-zero mass cannot reach a velocity of c, because 
it would require an infinite momentum/energy to reach 
this velocity.
Note: Unless specified, we’ll use m for the rest mass. 
Look for the attached g !



Relativistic Kinetic Energy (I)

• Newton’s 2nd law using relativistic momentum:

• Work of the applied force:

Kinetic energy at position 2 (final)

Kinetic energy at position 1 (initial)

Differential path



Relativistic Kinetic Energy (II)

• Using: ds=udt, it follows that:

• m (the rest mass) is invariant:



The limits of integration are from an initial value of 0 
to a final value of      .

Solving the integral by integration by parts: 

Relativistic Kinetic Energy (III)

RELATIVISTIC KINETIC ENERGY



Integration by parts ?

(see calculation posted on the web)



Classical Kinetic Energy

• If v<<c, one should find K=(1/2)mv2:



Relativistic VS Classical



Total Energy and Rest Energy

• Kinetic Energy: 

K = mc2(g-1)
• Reordering the expression: 

gmc2 = K + mc2

Total Relativistic Energy E

Rest energy E0

Note: as mentioned before, m is defined as the rest mass. If we were to use m0 
as the rest mass and the relativistic mass to be m=gm0, the formula would then 
read:

E=mc2 = K + m0c
2


