Physics 520 — Graduate Quantum Mechanics I
Homework VI, due 2:00 p.m. October 10, 2007

This homework has two pages

1. Reading
G&Y Chap. 2.5(a)-(c).

2. Free Particle in One Spatial Dimension

(a) Show that a Gaussian minimizes the uncertainty product ((A#)%)((Ap)?). Find the
form of the Gaussian and describe all parameters physically.

(b) Show that your Gaussian is a solution of the free particle Hamiltonian in one spatial
dimension, H = p?/2m. Writing your wavepacket in the form

wlast) = [ SEI0) expliChe — Byt/m) 0

where Ej, = h%k?/2m, find the form of the weighting function f(k).
(¢) Find the probability amplitude and probability as a function of time.

(d) Find the wavepacket Gaussian width Az as a function of time. How does the width
evolve forwards and backwards in time?

3. Snell’s Law in the Classically Allowed Regime

Consider a particle incident on an infinite planar surface separating empty space and an
infinite region with constant potential energy V. The energy of the particle is £ > V.
Choose coordinates such that
0 =<0
Vi(z) = { - (2)

V x>0
The incident particle is represented by a wave function of plane-wave form,
Yi(x,t) = Aexp(ik - x — wt). (3)
The reflected and transmitted wave functions are

¥r(x,t) = Bexp(ik -x —wt), (4)
P (x,t) = Cexp(iq-x —wt). (5)

The incident, reflected, and transmitted wave vectors are

k = k(éycosf+é,sind), (7)
k' = Kk'(—éycos0' +é,sind’), (8)
q = q(éycos0”+é,sinf"). 9)

(10)

(a) Show that the angle of reflection equals the angle of incidence, i.e., 8’ = 6. Show the

validity of Snell’s law,
sinf”

n, (11)

sin 6
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where n is the index of refraction of the z > 0 region.
(b) Compute the coefficient ratios B/A and C/A.

(c) Calculate the incident, reflected, and transmitted probability current densities j;, jr,
and j;.

(d) Demonstrate that the component of current perpendicular to the z = 0 plane is
conserved.

(e) Compute the transmission and reflection coefficients, defined as

Jt " €Ex

T = . (12)
R = %' (13)

Show that R+ T = 1.

. Snell’s Law in the Classically Forbidden Regime

Consider the same problem as before, but for £ < V. Then the incident and reflected wave
function and wave vectors are the same. However, the transmitted wave function takes the
form

Pr(x,t) = Cexp(kr — iqy — iwt) . (14)

Show that k' =k, # = 0, and ¢ = ksin6, the analog of Snell’s law.
Compute the coefficient ratios B/A and C/A.
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c¢) Calculate the incident, reflected, and transmitted probability current densities.

)
)

(d) Demonstrate that the component of current perpendicular to the z = 0 plane is
conserved.

(e) Explicitly compute the reflection coefficient and verify that it equals unity.

Remark: the same effect occurs for evanescent waves with light.



