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Three entirely symbolic MACSYMA programs are presented. The first one carries out the
Painlevé integrability test, the second computes solitons and the third program aids in finding
the Lie symmetry group for systems of differential equations.

1 Introduction

Apart from various packages for the calculation of Lie symmetries, symbolic software for non-
linear partial differential equations (PDEs) is virtually nonexistent.

Three symbolic programs will be presented. The first one automatically carries out the
Painlevé integrability test for a single PDE with polynomial terms. There is no limitation on
the order or the degree of nonlinearity. Variable coefficients are permitted in the equation.

The second program tests for the existence of exact solitary wave and soliton solutions of
nonlinear PDEs. It also explicitly constructs multi-soliton solutions via Hirota’s direct method.

The third symbolic program fully implements the algorithm for the calculation of Lie point
symmetries. It is designed to handle large and complicated systems of differential equations.

The three programs are written in MACSYMA syntax, they are entirely symbolic and pro-
duce exact analytical output. The programs require little experience with MACSYMA and
minimal interaction on the part of the users.

The goal is to provide high quality symbolic programs to researchers working on topics such
as soliton theory, dynamical systems, and more generally on wave phenomena in meteorology,
bio-sciences, fluid dynamics, plasma and particle physics, and nonlinear optics.



2 The Painlevé Test

A PDE is said to possess the Painlevé property [1] if its solutions in the complex plane are
single-valued in the neighborhood of non-characteristic, movable singular manifolds. For ODEs,
this comes down to saying that solutions should have no worse singularities than movable poles.
Such equations are prime candidates for being completely integrable, in the sense that they are
linearizable via the Inverse Scattering Transform.

For instance, one could ask for which time-dependent coefficients a(¢) and b(t) the equation
[14]
(s + 6ty + Usgar), + a(t)uz + b(t)uyy = 0 (1)

will posses the Painlevé property. The Painlevé test [1], which is entirely algorithmic, is per-
formed automatically with the MACSYMA program PAINLEVE.MAX [5, 6].

Seeking a solution of the form
u(x,y,t) = g(xayat)aZuk(xayat)g(xayat)ka (2)
k=0

where the singularity manifold is denoted by g(x,y,t), the program determines that o = —2
and uy = —2(g,)? by substituting u ~ ugg® into the equation. Next, the program determines
for which values of k arbitrary coefficients u; will arise in (2). Technically, this is done by
substituting u ~ ugg® + u,¢"T® into the equation and by requiring that u, be arbitrary. The
special values for r for which this happens are called the resonances. For (1) the resonances are
r = 4,5 and 6. Since the equation is nonlinear, at every resonance level a compatibility condition
must be satisfied. For (1), the compatibility conditions at levels 4 and 5 are identically satisfied.
At resonance level r = 6 the compatibility condition

[at + 2a2]gaz3 + [bt + 4ab] (gx2gyy + gmcgy2 - 2gxg:vygy) =0, (3)

must hold irrespective the form of the singularity manifold g(x,y,t). It is clear that (1) will
have the Painlevé property if a, + 2a*> =0, b, + 4ab = 0. Two cases are possible. The first case
a(t) = 0,b(t) = ¢, for any constant ¢, leads to the ubiquitous Korteweg-de Vries (KdV) equation
(¢ = 0), or to the Kadomtsev-Petviashvili (KP) equation (¢ = £1). The more interesting second
case, with a(t) = 1/[2(t — to)], b(t) = k/(t — t;)°, where k and ¢, are integration constants, leads
for £ = 0 and upon integration with respect to z, to the cylindrical KdV equation [1],

u J—
2t
which describes solitary waves in a channel with slowly varying depth. For k # 0, upon appro-
priate scaling of the variable y, equation (1) reduces to the well-known cylindrical Kadomtsev-
Petviashvili equation [1],

1 302
—u, + 2 Y = 0, 0% = +1, (5)

6 x T
(ug + 6uu, +u )“"+2t
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which was derived [10] for surface waves in a fluid which are characterized by small deviation
from axial symmetry. The KdV and KP equations and their cylindrical generalizations (4) and
(5) are all known to be completely integrable [1, 4].

Next, consider the generalized KP equation with variable coefficients,
(g + Uy + Uggs), + a(y, ) ug + by, )uy + c(y, t)uyy + d(y, t)ugy + e(y, t)u, =0,  (6)

which was first tested for the Painlevé property by Ablowitz and Clarkson [1]. For an equation as
complicated as (6) it pays off to write the non-characteristic manifold as g(z,y,t) = = — h(y, t),
where h(y,t) is analytic in its arguments. We adhere to the notation used in the program
PAINLEVE.MAX, where upon suggestion of Kruskal this optional simplification is implemented.
The Painlevé analysis of (6) is very similar to that of (1) and again only one compatibility
condition occurs at resonance level r = 6,

[a; + 2a* + da, — be, — cey,] — [by + 4ab — bd, — cd,, + 2ca, + db,]h,
— [er + dac — 2¢d,, + dey)hy, + [20* — be, — ceyy + 2¢by )by + 2¢[2b — ¢, ]hyhy, = 0. (7)

The coefficients of the separate terms in derivatives of h must vanish identically. After integration
[1] of the five resulting equations two cases emerge. The first one leads to (1) with b = 0 for
which the Painlevé analysis was given above. The second case leads to an equation which can
be transformed into the standard KP equation, this is (5) without the u,/(2t) term.

As a final example, consider the KdV equation with time dependent coefficients,
ug + a(t)uuy + b(t)Ugzs = 0. (8)
With the program we found that (8) possesses the Painleve property provided
a’by — 3aab, + (30, — aay)b = 0. (9)

Introducing the auxiliary variable v(t) = b(t)/a(t), this differential equation can be written as

a
Uy — —tvt = 0, which is readily integrated. One retrieves Joshi’s result [11],
a

o(t) = b(0)falt) = o1 [ "a()dr + o, (10)

where ¢y, ¢y are integration constants.
If we select a(t) = t", with n integer but n # —1, then b(t) = k#*" ™ + ko™ and (8) reduces to

U + t”uux + (k1t2n+1 + kgtn)u:mxv = 0, (].].)

where k; and ko are completely arbitrary constants.

Skillful use of the Painlevé program in connection with a Laurent expansion (2) truncated
at the constant level term, allows to quickly find exact closed form solutions of nonlinear PDEs.
For instance, consider the famous FitzHugh-Nagumo (FHN) equation [2],

Uy — Uge + u(l —u)(a—u) =0, (12)
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where —1 < a < 1 is a constant parameter. To determine the velocities of traveling wave
solutions we apply the Painlevé test to the ODE,

¢+ V20, —V2¢ (1—V2¢)(a—V2¢) =0, (13)

1
where ¢(z) = ¢(x — \C/—%) = 7 u(z,t). Equation (13) passes the Painlevé test if
cle=2a+1)(c+a—-2)(c+a+1)=0. (14)

It turn out that for each of these ¢ values an exact solution of (12) can be constructed. Using a
Laurent series of type (2) but truncated at the constant level term,

i) = 9o ol )+ g 0] = V2 ) ), (15)

and setting u;(x,t) = 0 for simplicity, one gets

9t — 3¢ +V2(1+0a) g, = 0, (16)

Gtz = Grae T @ o = 0, (17)

by substituting (15) into (12) and equating power terms in g. The above equations are easily
integrated:

g(z,t) = Aexp[i(x — L(2a —1)t)]+ B exp[i(x L

V2§ V2 V2© V2

where A, B and C' are integration constants. Substitution of (18) into (15) then gives
(

(2—a)t)] +C, (18)

w(o,t) = Aexp[%(x — 7(2@ — D) + aB exp| 5 (z - %(2 —a)t)] (19)
Aexp[s (v — 520 — 1)t)] + Beap[ (v — 5(2 - a)t)] + C”

This exact solution, which describing the coalescence of two wave fronts, can also be obtained
with Hirota’s bilinear method [12] or via a nonclassical method of symmetry reduction [13].
Single solitary wave solutions follow as special cases of (19). For example, with A = 0 one has

a a (2—a)
u(z,t) = =(1 + tanh x —
(2.0) = 50+ bl (o = P
where 6 = (1/2)Iln(B/C) is the arbitrary constant phase. This is the traveling wave solution for
c=2—ain (14).

The program PAINLEVE.MAX provides a valuable tool to investigate possible integrability
of differential equations. As the above examples show, application of the program to equations
with variable coefficients allows to automatically calculate the necessary conditions for the co-
efficients in the equations to make them prime candidates for integrability. A write-up of the
program PAINLEVE.MAX and more examples with their actual MACSYMA output are given
in [5].

t) +90]), (20)



3 Soliton Solutions via Hirota’s Method

The programs HIROTA_SINGLE.MAX [7, 15] and HIROTA_SYSTEM.MAX [15] allow to in-

vestigate the existence of multi-soliton solutions and to obtain their explicit forms. Thus far

the programs, which are based on an algorithm due to Hirota [3], can handle equations of KdV

type and modified KdV type and calculate their one, two and three soliton solutions explicitly.
As a first example, consider the Sawada-Kotera equation,

wg + 45uuy + 15ugtay + 15uus, + sy = 0. (21)

This equation, which is of KdV type, can be written in bilinear form as

(DeDy + D3)(f - f) =0, (22)
with 51n f(z.1)
njf(zr,t
and where D,, D, denote Hirota’s operators. These operators are defined [3] by
0 o\" (o o\"
D"DMfg)=|=— — — —— — " 24
1D = (- 5s) (51 ap) fe0a@] 24

with non-negative integers m and n. For the three soliton solution the program
HIROTA _SINGLE.MAX determines

fz,t) = 1+expb +expby+ expbz + biaz exp(fy + 6 + 63)
+ 12 exp(91 + 92) + a13 exp(91 + 93) + 93 exp(92 + 93), (25)

where 0; = k;x — w;t + §;, and with the dispersion relation w = k°. The coefficients are computed
in factored form as

(ki — kj)? (k2 — kik; + k2)
(ki + kj)° (k2 + kik; + k2)

bios = aipai3ags

(k1 —ks)® (K3 +K3) (kg — ks)® (k3 +K3) (ko —k3)® (k3 +K3)

a;; = i,j=1,2,3and i < j, (26)

: 27
() (K3 (s ka)” (B8 (o o)” () 0
The program confirms the existence of a four soliton solution.
As a second example we take the bilinear equation [8]
(kDf + DDy + DR)(f - f) =0, (28)



with an arbitary parameter k. It is known that this equation passes the Painlevé test for k£ =
—1/5. With the program HIROTA_SINGLE.MAX we calculate the condition for the existence
of a three soliton solution:

972
———(5k+1) (2k>+2kH1 — 4k —1) kT koky (ko —Fk1)? (ka+k1)* (ks —k1)* (ks+k1 )? (ks —k2)? (ks +k2)*=0,

3

(29)
fueling the conjecture that the existence of a three soliton solution implies complete integrability.
With & = —1/5 we continue the calculation of the two and three soliton solutions of (28). We
obtained completely automatically

(ki — kj)* (V5k? + 3k? + /5k;kj + kik; + V/5k? + 3k2)
Qi = )
! (ki + k;)* (VBE? + 3k2 + V/5kik; + kik; + v/5k? + 3k2)

bios = a2 i3 ag3. (31)

i,j=1,2,3 and i < j, (30)

Due to space limitations of MACSYMA on a VAX 8600, we have not been able to verify the
existence of a four soliton solution of (28).

As a last example, consider the modified KdV equation,
U + GUZUI + Ugy = 0, (32)

which cannot be transformed into a single bilinear equation. However, by a suitable change of
variables, u = w, = In(f/g), equation (32) can be written as a system of two coupled bilinear
equations, namely,

(D2 +Dy)(f-9) = 0, (33)

Di(fg) = 0. (34)

Replacing the term D? by D**! leads to a family of higher-order modified KdV equations [9)].
For p = 1,2 and 3, the program HIROTA_SYSTEM.MAX confirms that two, three and four

soliton solutions exist. However, for p = 4 there is no longer a three soliton solution. For all the
cases, the two soliton solution is generated by

flz,t) = 1+iexpby +iexpby — ajp exp( +6s), (35)
g(z,t) = 1—iexpl; —iexpby — arp exp(fy + 02) , (36)

and the three soliton solution (for p = 1,2, 3) by

flz,t) = 1+4iexpby +iexpby+iexpbs — ibjaz exp(0; + O3 + 63)

— ayp exp(0y + 0y) — ai3 exp(0; + 03) — ags exp(f + 0s), (37)
glx,t) = 1—iexpl; —iexpby —iexpbs+ibiag exp(fy + 6 + 63)

— aiz exp(th + 02) — a3 exp(01 + 03) — as; exp(bz + 03). (38)
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For the modified KdV equation and its higher-order generalizations, the coefficients are

(ki — k) o
o= W) 193 and i< 39
i (it ) i, J nd i< (39)
(k1 — k2)® (ky — k3)® (ko — ks)®

(ki 4 k2)® (k1 + ks)? (ko + k3)*

bio3 = a12a13 093 = (40)
Many more examples and the code of the programs HIROTA _SINGLE.MAX
and HIROTA_SYSTEM.MAX can be found in [15].

4 Lie Point Symmetries

The program SYMMGRP.MAX [2] automatically calculates the determining equations for the
coefficients in the vector field that realizes the Lie algebra of point symmetries. With a feedback
mechanism, these determining equations can then be solved explicitly. The flow corresponding
to the infinitesimal generators can be obtained via simple integration.

As an example, consider the Harry Dym equation [1]

Uy — UWgpe = 0. (41)

Clearly, this is one equation (m = 1) with two independent variables (p = 2) and one dependent
variable (¢ = 1). We denote the variables by z[1] = z, z[2] =t and u[l] = u. The equation is
then entered in the form el = u[1, [0, 1]] — u[1]® * u[1,[3,0]], and the variable v1 = u[L, [0, 1] is
selected for elimination.

The program SYMMGRP.MAX automatically computes the determining equations for the
coefficients eta[l1] = 1*, eta[2] = #' and phi[l] = " of the vector field

_ xa ta ua
a=rn %—FUE—FQO au (42)

There are only eight determining equations,

deta2 0 deta2 0 detal 0 9°phil 0
oufl] ox[1] oufl] ou[12. 7
0?phil d%etal 0 Ophil e &’phil 0
oul)oz[l] ~ Ozl ocf2) "M Gapip T

9phil detal Detal Oeta2 detal
1? —u[1]? = 1 — 3ufl hil = 0.
S Samoae T oo W G = O ulll gy —3ulll Gy 3 ekl = 0
(43)



The general solution, written in the original variables, is
N = ky+ksx+ ks 2?
n' = ko—3kyt, (44)
o = (k3 + kg + 2ks ) u,
and the five infinitesimal generators are
G = 0O, Gy =0,
Gy = x0,+ud, , G4 = —3t0; +ud, , (45)
Gs = 220, + 2zud, .
Clearly, (41) is invariant under translations (G; and G5) and scaling (G3 and G4). Computation
of the flow corresponding to G5 requires integration of the system
dz

£ e
7 )

g =0 i =t (46)
d—l‘ — 2%, a0) = u,

where € is the parameter of the transformation group. One readily obtains Z(¢) = /(1 — ex),
t(e) = t, and a(e) = u/(1 — ex)®. We therefore conclude that for any solution u = f(z,t) of

equation (41) the transformed solution @(&, ) = (1 + €%)” f( N f 1) will solve @i — @333 = 0.
30

A worked example of the calculation of Lie point symmetries of a system of PDEs is given in [2].
That paper also has a complete write-up of the program SYMMGRP.MAX and an extensive
review of other symbolic packages for Lie symmetries.
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