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[. INTRODUCTION

e Goals:

- easy construction of exact solutions
- solitary wave solutions and solitons
- investigate integrability

e Technique:

- simplified version of Hirota’s method
- make method applicable to equations
that have no bilinear form

e Implementation:

- MACSYMA & MATHEMATICA

- other symbolic manipulation programs

e Applications:

- reaction-diffusion equations
- 5th order evolution equations



[I. SIMPLIFIED VERSION OF HIROTA’S METHOD

Hirota’s method requires:
e a clever change of dependent variable
e the introduction of a bilinear differential operator

e a perturbation-like expansion

Example:

The Korteweg-de Vries equation

wy + obuu, + ug, =0

Substitute the Laurent expansion

u(x,t) = f(x,t)" k%:o wp(z,t) f(x, )"

with ug(t, x) # 0, a negative integer
uy(t, x) analytic in a neighborhood of the singular
non-characteristic manifold f(¢,z) =0

Determine o« = —2 (leading order behavior)



Truncate expansion at constant level term

u(z,t) = f(x,t)? [uo +uy fx,t) +us(x,t) f(x, tﬂ

or with explicit forms of ug, u; and with uy =0

282 In f(ilf,t) o Z(ffxx - fx2)
Ox” a f?

Integrate with respect to x

ffxt _ fxft + ff4x — 4fxf3x + 3f22x =

u(x,t) =

Could be written in bilinear form
(DeDy+ Dy) (f-f) =0
via Hirota’s bilinear operator

DD} (f-g) = (0x—0a")"(9t=0t')" f(z,t)g(a',1')]

o/ =x.t'=t

Make Hirota’s technique applicable to equations that
cannot be written in bilinear form
Leave Hirota’s bilinear operators out



Write in general N'(f, f) = 0, with

0%g 0O%g. Of0g Of0%g _0°f0%
— (T I Y A A T b i)
N9 =D 00T 00t o or ~ Lowon® T2002 007
7 is the identity operator
Seek formal solution (book keeping parameter ¢)
fla,t)=1+ ¥ " f"(z,t)
Perturbation scheme (equate powers in € to zero)
O - £fY =0
O + Lf® = -N(f, 1)
O() + LP = =N (U, f&) = N(f, f1)

cxaﬁ: Lo

n—1 . :
_ (1) f(n—=j)
N, )
where £ denotes the linear differential operator

A e
= oz0t 02

Le

N-soliton solution is then generated by



FU = z fi= 5 explf) = > exp (k2 — w;t + )

1=1 1=1

with constant k;, w; and o;

Determine the dispersion law (from level €')

P(/ﬂz, wi) = —w;k; + ]{7;4 =0
Thus
w; = k3 i=1,2,...,N

(4

Compute RHS at level €
B 2(I.
”2131{/{:( ki) fifi = 1<i<zj§N3kl-c( ki) fifi

Note: terms in f? drop out

Form of £ is determined

fP =5 ayfif

1<i<y<N

= > A exp[(k’i + k])CIZ' — (wi + wj)t + (52 + 5J>]

1<i<j<N



Compute LHS at level €

LFfPD = v Plki+kj,wi+wj)aij fif;

1<i<j<N

— > 3kikj(ki + kj>2 aij fif;

1<i<j<N

Equate LHS and RHS

(K k”>2 1<i<j<N
(kz + kj)

Proceeding in a similar fashion with equation at order €’

CLZ'J' =

Example: for N = 3 (three soliton solution)

f2 = a19 exp(91 + 92) + a3 GXp((91 + 93) + ass eXp<92 + (93)
— a2 eXp (kl + k2>$ — (w1 + a@)t + (51 -+ 52)
+ azexp [(k1 + k3)z — (w1 +ws3)t + (01 + 03)
+ agexp (ko + k3)x — (w2 + w3)t + (d2 + 03)]
and

f3 — byo3 exp(91 + 6y + 93)
= biggexp [(k1+ko+k3)r— (w1 +watws)t+ (51 +024+03)]



with
(k1 — ko)? (k1 — k3)” (ko — ks)”
(k1 + k) (ky + ks)” (ko + k3)”

b123 = 12 A13 Qo3 =
Note: f®) has no terms in fffj (i, =1,...., N, i #£ )

Also: for N = 3, one has f™ =0 for n > 3

The expansion truncates (set € = 1)

f = 14expb +expby + exp b
+ a19 exp(91 -+ 92) -+ a3 exp(¢91 -+ 93) -+ ao3 eXp<(92 -+ (93)
+ biag exp(th + 6o + 05)

Substitute the explicit form of f(x,t) back into

B 282 In f(ilf,t) o Z(ffxx — fo)
B Ox” ; f?

u(x,t)

N-soliton solution for any N > 3 is constructed similarly



e Single soliton solution
f=1+¢
0 = kxr—wt+9

k,w and 0 are constants

Plk, —w) = —wk+ k* =0

Substituting f into

282 In f(x,t)
O’
f:cxf T f;?
2

Denote £ = 2K, to get the solitary wave solution

u(x,t) =

= 2 )

u = 2K?sech’K (v — 4K*t + 0)



e 'T'wo-soliton solution

f=1+e"+e”+ apeh™
62’ = ]{233 — wit + 5@

P(kj,—w;) =0 or w=k (i=12)

P(kl — kQ, —W1 + w2>

2 = _P(kl + ko, —w1 — wo)
_ (k1 — ko)?
(k1 + ko)?
Select
i i v —wit+A,;
i i fedOi+)

(91' = klﬁC — wz-t + Az

ko + k
2 2 1
.= ]fz
‘i (kQ — ]ﬂ)




One obtains upon return to u

0%In f(z, 1)

t) = ulx,t) =2
ulet) = it t) =270 |
(k’% — k%) ( k%COSGCh2922 + k%sech2921 )

2 (ko coth §22 — ki tanh %)

R

e For the general N-soliton solution

(N) N
J= X exp|X Ajpip;+ X Mié’z‘]
u=0,1 1<J 1=1

P(kz — ]fj, —W; + w]'>
P(kl + kj —W; — wj)

CLZ']' — €XP Az’j = —

Additional condition for P(D,., D)

]

S|Pn = % P(

n n
oiki, — X oW,
o=+1 \i=1 =1

(n)
X I P(O'ZlfZ — O'jkj, —O;W; + O'jw]')O'Z‘O'j =0
i<j

for n=2,...,N



[II. THE FISHER EQUATION WITH CONVECTION

ur + kuty — Uze —u(l —u) =0
k is the convection constant

Truncated Laurent expansion

20In f(x,t) 2 f,

u(x,t) = —— =

k  Ox k< f )
transforms the PDE into

N<f7f>:f(fxxx+fx_fxt)‘|‘fg:<ft_fxx‘|‘zfx):O

The nonlinear operator is given by

N(f.g) =

g dg 0%g ., 0f 09 0J°g 20g
<f)< (?x 8x3t>+<8x)<3t 8x2+k8x>

Seek solution of type
flz,t) =1+ Z " fin ( t)

’n,_



Perturbation scheme:

O(el) : £fY
O(?) . £f? = /\/(f(l)’f(l)>
O(&) + LI = =N(fV, f&) = N(f®, V)

O(e”j - Lf

SN (D), o)
Z N

with

r e N Oe O’e
o — _
o Or Oxot
Here
wi=—14+k) i=12..,N
Consequently

N 2 4
Lf@):—glki(ﬂrki)ff > —kiki(ki+ k) fif;

k 1<i<y<N k

Note presence of terms in f?

We need to set k; = —

DO |5

N-soliton solution for N > 2 does no longer exist

Leads to the case N =1



k 1
flz,t)=1+exph =1+ exp[—zaj' + 4(4 + k%)t + 6]

and
u(t) = expf  expl—hz+ 4+ k)t + 0]
" ctexpf  ctexpl—ir+ 14+ k)t + 0]

Final solution in a more pleasing form

1 + tanh %9
(1+¢)+ (1 —c)tanh 36

u(x,t) =



Fisher equation without convection (k = 0)

Truncated Laurent expansion reveals the transformation

_6021nf(aj,t) N 601In f(x,t)

uz, 1) = ( Ox” s 5 Ot
L ffxx _ fg; 6 ft
= —6 72 + 5<f>

The quadratic equation in f and its derivatives is

N(fa f) — 5f<5fxxxx+5fxx+ftt_6fx:pt_ft)+75fx2x
- 100fxfxxx_25f§+ft2_goftfxx+60fxfxtzo

Proceeding as above

1 — tanh ;6]
(1+¢) — (1 — d) tanh 56)?

with either d = c or d = ¢ + 4, ¢ any constant, and

u(x,t) =

1
9::1:—5t+5

V6 6

Note: that solution does not follow from the previous one for
k— 0



IV. THE FITZHUGH-NAGUMO EQUATION
WITH CONVECTION

up + kuuy, — gy — u(l —u)(a —u) =0

k 1s convection constant

Substitute the Laurent expansion

ue ) = fle,0)" S ule,t)flz,0)f
Here, a = —1, uy must satisty
uy — kuofy = 2f7 =0

Resonances (u, arbitrary)

r = —1
U Up.\ 9
r= At k(D) =2+ ()
Ju fa
For integer resonances
m — 2

uo(l’,t) - mfx k=

m positive integer



Substitute the truncated Laurent expansion

u(,t) = m@ln f(x, 1)

N IV AN

f(x,)

Collect power terms in f(x,t) —
overdetermined system for f(z,t) and ui(x,t) :

ft_<1+m)fm:_\/E[ni(l‘i'm)@él_l_a]fxzo

1
Jm

+[B3ur® — 2(1 + a)u; +a + 1(m —2) (u1)z] fo =0

Jm

fxt_fxxx+ (m_2>u1fazx

(u1)¢ + 1(m — 2)ur(u1)y — (U1) e +ur(l —up)(@a—uy) =0

Jm

Trivial solutions u; = 0,1, ora

For u; = 0 (u; = 1 and u; = a are similar)



Seek solution of type

flx,t) = gl exp(kix — wit + 6;)

Now N = 2, and
1 — 1
oo L oy — am
m m
a a(m — a)
Lo — _
2 Jm W2 m
Hence
1 — 1 —
f=ctexp| era(a m>t+51]+exp[ - :13+< am>t+52]

Vm m Vm m

Returning to u(x,t)
ea;p[\/—er C am)t+5]+aexp[\/— faemmy )

u(x,t)=
(1) c+ea:p[\/—:1:+(1 am>t+5]+exp[\/—x+ ala— m>t+5]

This solution describes two coallescent wave fronts

Reduces for m = 2 to solution of FHN equation
without convection (k = 0)



V. FIFTH-ORDER EVOLUTION EQUATIONS

Class of equations

2

Uy + au U, + Bugor + Yuus, + usy = 0

Special cases:

a = 30 B =20 v =10 Lax
a = 5 B=05 v=25 Sawada Kotera
or Caudry—Dodd — Gibbon
a = 20 6 =25 v =10 Kaup Kuperschmidt
a = 2 B =0 v =3 [to

Substitute the Laurent expansion
u(e ) = fla,6) S (e, t) fla,0)f

Assume transformation of the form

anDf<37,t> _ K(ffazx - fa?)

u(x,t) =K 5.2 72



Case that leads to /N-soliton solution

60 _ 1B+

8%

K=
B+ 10

Substitute and integrate with respect to x

(8 + 7>f2[fxt + fou) — fI(B + ) fefe +6(8+7)fef50
+3O<6 T /7)[](2]0495 — 2fxf2:cf3x + f23x] =0

One solitary wave solution

flz,t) =14 exp(kx — wt + 9) w=k°
Thus

~ 15k7
b+

1
u(x,t) sech? Q(ka: — Kt +9)

Two soliton solution requires

B =2y or b=



Case 1: LAX equation (8 = 2v)

fQ[fast + fo] - f[ftfa: + 6f:cf5x - 5f2:cf4x]
+10[fq?f4a: - 2fxf2xf3x =+ fgx] =0

Note: This is a cubic equation!
Bilinear form consists of two equations

(D:D-+ D) (f-f) =0

(DD + DY) (f-f) +a (DD, + DS) (f-f)

S D2 D) (7o) =0

with auxiliary time variable 7
Bilinear form is no longer needed

Write the cubic equation as

FPLOF)+ fNUS )+ No(f, f, f) =0
with

'C(f) = fut + fou
N1<f7 g) — _(ftgsc + 6f:z:95:z: — 5f25z:g4a:)
N2<f7 g, h) — 10(f:1:gxh4a: - 2fx92xh3x + f2xg2xh2:1:)



Seek a solution of the form

flo,t) =1+ 32‘51 e £ (2, ¢)

Perturbation scheme (equate powers in € to zero)
O(el) : £fV =
O<€2> : £f(2) _ —Qf(l)ﬁf(l) _ _/\/’1<f(1)’ f(l))
O : £fB3) = —2fWf? _of@ ) _ f) 2£f(1)
~ MU P~ N 1)
— SONM(Y, FO) = N0, £, )

N-soliton solution is then generated by

N N
f( ) = Z fz = exp(9 ) ;:1 exXp <k’2 r — Wy t 4+ 5@)

1=1

with dispersion law (from level €!)

P(k‘@, wz-) = —w;k; + k¢6 =0

or



Then

Ef(Q) = Y Plki+kj,w +w))a; fif

1<i<j<N

= > Skiki(ki + k)2 (k7 + kik; + /{]2.) aij fif;

1<i<j<N

must balance

—/\/1(f(1), f(l)) = Y Skik;(ki — kj)Q(k‘? + kik; + k?) Jif;

1<i<j<N

Hence

(k1 — ko)?
(kl + ]{2>2

a12 =

N-soliton solution in analogous way



Case 2: SK or CDG equation (8 =1 )

Note: This is a quadratic equation!
Bilinear representation

(DaDy+ Dy) (f+f) =0
Easy to find but not needed!
Seek solution of the form (3-soliton)

f =14expb +expby+ expbs
+ a19 exp(91 -+ @2) + ais exp((91 + (93) + Q93 exp(92 -+ 83)
+ biaz exp(6h + 02 + 03)

Solve the perturbation scheme

Here
(ki = k)" (K7 — by + 3) (ki — k)" (K + &)
(ki + k)" (k2 + kiky + K3) (ki + k) (k7 — &)

CLZ']' =

5123 = Q12013023

N-soliton solution in similar way



