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Symbolic Software Packages for Soliton Theory

e Painlevé Integrability Test of ODEs and PDEs
— Painlevé Test for 3rd order equations
by Hajee (Reduce, 1982)

— ODE_Painlevé by Winternitz and Rand
(Macsyma, 1986)

— PDE_Painlevé by Hereman and Van de Bulck
(Macsyma, 1987)

— Painlevé program (parts) by Hlavaty (Reduce, 1986)

e Construction of Explicit Solitary Wave and Soliton Solu-
tions
— Solitary wave solutions by Hereman (Macsyma, 1990)

— Solitons via Hirota’s method by Hereman and Zhuang
(Macsyma, 1990)



e Calculation of Lie-point and Generalized Symmetries

— SPDE by Schwarz (Reduce, Scratchpad, 1986)

— Symmetries via exterior differential forms
by Kersten and Gragert (Reduce, 1987)

— Lie-Backlund symmetries by Fedorova, Kornyak and
Fushchich (Reduce, 1987)

— Lie-point symmetries by Schwarzmeier
and Rosenau (Macsyma, 1988)

— Special symmetries by Mikhailov (Pascal, 1988)
— LIE by Head (muMath, 1990)

— PDELIE by Vafeades (Macsyma, 1990)

— DEIiA by Bocharov (Pascal, 1990)

— SYM DE by Steinberg (Macsyma, 1990)

— SYMCAL by Reid (Macsyma, 1990)

— SYMMGRP.MAX by Champagne, Hereman and Win-
ternitz (1990)



Classes of Bilinear Equations

Major types of bilinear representations with examples:
Type I: Korteweg-de Vries equation

P(Dy, D)(f-f) % (DoDy + D) (f-f) = 0
Type II: modified Korteweg-de Vries equation

Py(Dy, Dy)(f-9) % (Di+ D3)(f-g9) =0,
Py(Dy, Dy)(f-9) < Di(f-g) =0

Type I11: sine-Gordon equation
Py(Dq, Di)(g-f) = (DaDy = 1)(g-f) = 0,
Py(Dy, Dy)(f-f = 9:9) = DuDel(f-f —g-9) =0
Type IV: Nonlinear Schrodinger equation

Pi(D,, Di)(g-f) % (Di+iDy)(g-f) =0,
Py(Dy, Dy)(f-f) = Ps(Ds, Di)(g-g") = D(f-f) — 99" =0

Type V: Benjamin-Ono equation
P(Dy, Dy)(f-f") & (Dy +iDy)(f-f7) =0



For equations of Type II, the three-soliton solution
follows from

f = 14+1iexpt +iexpby+iexpbs
— aA19 exp(91 —+ (92) — a13 exp(91 —+ 93) — aA93 exp(92 -+ 93)
— 1b193 exp(91 + 05 + 93),

g =1—1expby —iexpby —texpbs
— aypexp(th + 03) — arzexp(0y + 03) — assz exp(fy + 03)
+ 1b193 exp(91 + 69 + 63)

For equations of Types I, III through V
other forms for f and ¢ are needed



Example 1 - Macsyma

Soliton Solutions of Nonlinear PDEs

e Hirota’s Direct Method
allows to construct exact soliton solutions of

— nonlinear evolution equations
— wave equations

— coupled systems
e '[est conditions for existence of soliton solutions
e Fixamples:

— Korteweg-de Vries equation (KdV)
uy + 6uu, + ug, = 0
— Kadomtsev-Petviashvili equation (KP)
(ug + 6uu, + usy), + 3ugy, =0
— Sawada-Kotera equation (SK)
U + 45u2ux + 15u,us, + 15uus, + us, = 0



Hirota’s Method
Korteweg-de Vries equation
uy + 6uu, + ug, = 0

Substitute
O0?In f(x,t)

Ox’

u(x,t) =2

Integrate with respect to x
fho = fofe+ ffaw — 4fufse +3f3, = 0
Bilinear form
B(f-1) ™ (D, + D) (f-f) = 0
Introduce the bilinear operator
D D}(f-g) = ( — 9a)" (9 — 9" fla, ) gl )] oy
Use the expansion
f=143 e,

Substitute f into the bilinear equation
Collect powers in € (book keeping parameter)

O(") : B(1-1)=0
O<€1> ; B<1°f1—|—f1°1> =0
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c B(1-fo+ fi-fi + forl) =

c B(1-fs+ fi-fo+ forfi + f3:1) =0
Bl fa+ fir-fs+ forfot f3fi+ fal) =0
B(L fifay) =0 with fo=1
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If the original PDE admits a N-soliton solution
then the expansion will truncate at level n = IV provided

N
f1 = exp(@z-) = Z exp (k;x — w;t + ;)

1=1 1=1

ki, w; and 9; are constants

Dispersion law
wi=k  (i=1,2,..,N)

Consider the case N=3
Terms generated by B(f1, f1) justify

fo = a9 exp(By + 6) + a3 exp(6y + 03) + as3 exp(bs + 63)
= ajg exp (k1 + ko) v — (w1 +wo) t + (01 + 92)]
+ a3 exp [(k1 + k3) x — (w1 +ws3) L+ (01 + 03)
+ ags exp (k2 + k3) x — (w2 +w3) £+ (02 + 03)

Calculate the constants a9, a13 and ass



(ki — k)
i = (]fz + ]‘Cj)Q
B(f1-fo + for f1) motivates

f3 = 6123 exp(@l + (92 -+ (93)
= biggexp [(k1+ko+k3)r— (Wi +wotws)t+ (51 +02403)]

with

1,7 =1,2,3

(k1 — ko)® (ky — k3)* (ko — k3)”
(k1 + k) (B + ks)” (ko + k3)°
Subsequently, f; =0 for 2 > 3

5123 = Q12013 A23 =

Set e = 1

f =14expb; +expby+ expbs
+ a9 exp(91 + 92) + ais exp(@l + (93) + Q93 exp(92 + 93)
+ bioz exp(01 + 02 + 053)

Return to the original u(z,t)

282 In f(x,t)
ox’

u(x,t) =



Example 2 - Macsyma
Solitary Wave Solutions

e Korteweg-de Vries equation and generalizations

U+ auuy, + Uy =0, n €N

1

cn+1)(n+2)
2a

n

sech? {Qﬁ(az — ct) + (5] }n

u(a, t) = {

e Burgers equation

C

u(z,t) = {1 — tanh [g(a: —ct) + 5]}

a
e Fisher equation and generalizations

U — Upy —u(l —u") =0, neN

e bty Y

w(z. 1) = {; [1 _ tanh

n
2/ 2n +4



e [itzhugh-Nagumo equation
Ut — Ugy + u(l —u)(a —u) =0

a

Wi t>+5”

e Kuramoto-Sivashinski equation

u(x,t) = g{l + tanh

U + Uy + alyy + DUyyrr = 0

165ak k(x —ct
u(x,t) = ¢ 6155 { anh’ (:132 C)—I—(SH
B 135ak{ - k(:ﬁ—ct)+5”
2
with k = %%‘
15ak k(x —ct
u(x,t) = ¢ — 169L { anh® <$2 C)+5”
4?3/6{ i k(az—ct)+5”




e Harry Dym equation

3

up 4 (1 — u) Upgy = 0

u(z,t) = sech?

;\ﬁ [z — ct + d(x, t)]]
Ve

Y v —ct+d(x,t)]

2
d(x,t) = —— tanh

NG

e sine-Gordon equation

Upt — Ugye — SINU = 0

(x — ct) +5”

u(x,t) = 4 arctan {exp

-



e Coupled Korteweg-de Vries equations

up — a(butly, + Uyey) — 2b vu, = 0,

Vvt + 3uv; + Vpgre = 0

u(z,t) = 2 csech®[y/e(r — ct) + 4],
—2(4a + 1)
b

vz, t) = :|:C\l sech [v/c(z — ct) + 4,

;\/E<ZL’ —ct) + 5]
3 3c

v(z,t) = 6/0) u(x,t) = /0]

u(z,t) = csech?

;ﬁ(m —ct)+ 9

sech?




e A class of generalized KdV equations

up + (a + bu™)u"u, + ug, =0
with a,b € R;m € Q
—CASE 1: a4 0,b=0":

u(z, 1) = {c(m + 2215771 + 1)

sech? [n;ﬁ(x —ct)+ ?] }”11

with arbitrary velocity c

—CASE 2: b#0:
u(, 1) = {_ZCZEilmJ:LQ)l)(l—tanh[n;ﬁ(x—ctwr?])}”ll
with ¢ — _ a’(2m +1)

b(m + 1)(m + 2)?



Example 4 - Macsyma
Lie-point Symmetries

e System of m differential equations of order &

Az, u™y =0, i=1,2,..,m

with p independent and ¢ dependent variables

r = (x1,29,....,2,) € R?

u = (u',u?, ..., ul) € R

e The group transformations have the form
T = Agroup(xa U), U= Qgroup@ja U)

where the functions A g, and 4.0, are to be determined

e Look for the Lie algebra L realized by the vector field

= ¥ w2t % ol u)
=g Ox; 1=1 PRE Y g




Procedure for finding the coefficients

e Construct the k™ prolongation pr*)a of the vector field o
e Apply it to the system of equations

e Request that the resulting expression vanishes
on the solution set of the given system

prifa A’ Ajeg B =1,....m
e This results in a system of linear homogeneous PDEs

for n* and ¢, with independent variables z and u
(determining equations)

e Procedure thus consists of two major steps:

deriving the determining equations
solving the determining equations



Procedure for Computing the Determining Equations

e Use multi-index notation J = (j1, jo, ..., jp) € IN¥,
to denote partial derivatives of u'

Ol 71!

0x110x972...0x,r

)
where |J| =j1+ 52+ ... + Jp

e u'®) denotes a vector whose components are all the partial
derivatives of order 0 up to k of all the v’

e Steps:
(1) Construct the k' prolongation of the vector field
k ! J by 9
prie = a+l§1§¢z (2, u' )>au{]7 L<|J <k

The coefficients 1); of the first prolongation are:
lez = Diyi(x,u) — §:1 quDinj(x, u),
]:

where J; is a p—tuple with 1 on the ¢*" position and zeros
elsewhere



D; is the total derivative operator

G, G,
+zqu+Jau{], 0<|J| <k

D, =
Oxr; 1=17 - -

Higher order prolongations are defined recursively:

JJ b -
=D = 2 g Dap (@), ]2

(2) Apply the prolonged operator pr®a to each
equation A’(z, u®) =0

Require that pr® o vanishes on the solution set of the sys-
tem |
prifla Al i =0 4, 7=1,...m

(3) Choose m components of the vector u(’“)7

say v', ...,v™, such that:

(a) Each v’ is equal to a derivative of a u! (I = 1,...,q)
with respect to at least one variable x; (1 =1,...,p).

(b) None of the v' is the derivative of another one in the
set.

(¢) The system can be solved algebraically for the v' in
terms of the remaining components of u!®), which we de-



noted by w:
v' =Sz, w), i=1,..,m.

(d) The derivatives of v,

/US — DJSZ(.CIZ',UJ),

where D; = D{lD?...D}Zp, can all be expressed in terms
of the components of w and their derivatives, without ever

reintroducing the v* or their derivatives.
For instance, for a system of evolution equations
U (X1, ooy Tpo1,t) = F'(21, ...,xp_l,t,u( N, i=1,..,m,

where u'®) involves derivatives with respect to the variables
x; but not ¢, choose v* = ;.

(4) Eliminate all v’ and their derivatives from the ex-
pression prolonged vector field, so that all the remaining
variables are independent

(5) Obtain the determining equations for n'(z,u) and

@g(az, u) by equating to zero the coefficients of the remain-

ing independent derivatives .



