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Purpose & Motivation

e Develop various symbolic algorithms to compute exact solutions
of nonlinear (systems) of partial differential equations (PDEs) and
differential-difference equations (DDEs; lattices).

e Fully automate the tanh and sech methods to compute closed
form solitary wave solutions.

e Solutions of tanh or sech type model solitary waves in fluid dy-
namics, plasmas, electrical circuits, optical fibers, bio-genetics, etc.

e Class of nonlinear PDEs and DDEs solvable with the tanh/sech
method includes famous evolution and wave equations.

Typical examples: Korteweg-de Vries, Fisher and Boussinesq PDEs,
Toda and Volterra lattices (DDESs).

e Research aspect: Design a high-quality application package for
the computation of exact solitary wave solutions of large classes of
nonlinear evolution and wave equations.

e Educational aspect: Software as course ware for courses in non-
linear PDEs, theory of nonlinear waves, integrability, dynamical sys-
tems, and modeling with symbolic software.

e Users: scientists working on nonlinear wave phenomena in fluid dy-
namics, nonlinear networks, elastic media, chemical kinetics, mate-
rial science, bio-sciences, plasma physics, and nonlinear optics.



Typical Examples of Single PDEs and Systems of PDEs

e The Korteweg-de Vries (KdV) equation:
w + auu, + us, = 0.

Solitary wave solution:

8¢i — 2¢3
u(x,t) = 061040162 — 21 tanh? [c;x 4 cot + 0],

or, equivalently,

4¢t + o N 20

sech® [c1x + cot + 4] .
bacy Q

u(x,t) = —

e The modified Korteweg-de Vries (mKdV) equation:
Up + ozuzux + usz, = 0.

Solitary wave solution:

6
u(x,t) = :I:J; c1 sech {clx — it + 5] :

e The Fisher equation:
Up — Uge — U (1 —u) =0,

Solitary wave solution:

1 1 1
u(z,t) = 1 + 5 tanh¢& + 1 tanh?¢,

with -
:j:— j:—t+5
E=tro



e The generalized Kuramoto-Sivashinski equation:
U + Uy + Upy + OUS, + Ugye = 0.
Solitary wave solutions

(ignoring symmetry u — —u,r — —x,0 — —0) :
For o =4 :

u(z,t) =9 — 2cy — 15 tanh€ (1 + tanhé — tanh*¢),
Withfz %+62t+5.
For o =0 :

19 135 165 11
u(z,t) = _QJT Co — J» 1o\ 19 tanhi%g7

Withfzé\/gx+62t+5.

12 .
FOI' g = ﬁ .
45 T 4418¢; 45
) = + t
u(z;?) ATVAT  anar
— 45 tanh2§ 4 1 tanh3€
47+/47 4747 ’
with & = :|:2\/—£C—|—62t—|—(5.
For o = 16//73 :
2 (30 F 5329¢») 75
1) = + tanh
ue ) 73\F 73,73
15
2 3
_ + tanh
73 \/ W8+ oo g tanh’s,

: 41
Wlthf—:l:rﬁ—ngngtde



e Three-dimensional modified Korteweg-de Vries equation:
ur + 6uu, + Ugy = 0.
Solitary wave solution:

u(zw,y, z,t) = £4/cacs sech [c1x + coy + 32 — cicac3t + 0] .

e The Boussinesq (wave) equation:
gy — Bugy + 3utg, + 3u,” + aug, = 0,

or written as a first-order system (v auxiliary variable):

ur +v, = 0,
v + Puy — 3uu, — aug, = 0.
Solitary wave solution:
2 _ 2 1
ci — ¢; + 8ac
u(z,t) = per = 6 L — doc? tanh?® [e1x + cot + 9]

3c?
v(x,t) = by + dacic tanh? [ex + cot 4 ] .
e The Broer-Kaup system:

Uty + 2(Uy )y + 2055 — Uggy = 0,
vy 4 2(uv), + vy = 0.

Solitary wave solution:

c
u(x,t) = _2031 + ¢1 tanh [c1x 4 coy + cst + 6]

v(x,t) = cico — c1co tanh? [eix + coy + ezt + 0]



Typical Examples of DDEs (lattices)

e The Toda lattice:
Uy = (14 1) (Up—1 — 2Up + Upi1) -
Solitary wave solution:

u,(t) = ag £+ sinh(cy) tanh [cin 4 sinh(cy) t + 6] .

e The Volterra lattice:

un - un(vn - Un—l)
v, = Un(un+1 - un)
Solitary wave solution:
un(t) = —co coth(cy) + co tanh [c1n + cot + ]
v,(t) = —cg coth(cy) — ¢o tanh [ein + cot + 6] .

e The Relativistic Toda lattice:

U, = (14 auy) (v, — vp_1)

Un = Un(Unt1 — Up + QU1 — QUL_1).

Solitary wave solution:

1
up(t) = —cy coth(ey) — ote tanh [cin + cot + 6]

th
ua(t) = 2 ) e [e1n + cot + 4.
8% (8%




Algorithm for Tanh Solutions for PDE system

Given is a system of PDEs of order n

Au(x), u'(x),u”(x),---u™(x)) = 0.
Dependent variable u has components u; (or u,v,w, ...)
Independent variable x has components z; (or x, vy, z,t)

Step 1:
e Seck solution of the form u;(x) = U;(T), with
T = tanh [c1xX + coy + 32 + ¢4t] = tanh&.

e Observe cosh?¢ —sinh? & = 1, (tanhé) = 1 — tanh¢
orT'=1-T2
e Repeatedly apply the operator rule
de

Oe 0
axi — Cl(l — T )dT

This produces a coupled system of Legendre equations of type

P(T,U,U,...,U™) =0

for U;(T).
e [ixample: For Boussinesq system
w + v, = 0
vy + Bu, — 3uu, — aug, = 0,
we obtain after cancelling common factors 1 — 72
U +c V' =0

CQV/ + ﬁclU' — SC1UU/
+act [2(1 = 3T*)U' + 6T(1 — THU" — (1 - T**U"| = 0

8



Step 2:

e Seek polynomial solutions

=

7 .
aijTj
7=0

Ui(T) =

(]

Balance the highest power terms in 1T’ to determine M.

e Example: Powers for Boussinesq system
My —1=My—1, 2M; —1=M;+1

gives My = My = 2.
Hence, Uy (T) = aro+anT +aT?, Uy(T) = a0+ an T + anT?.

Step 3:

e Determine the algebraic system for the unknown coefficients a;; by
balancing the coefficients of the various powers of T'.

e Example: Boussinesq system

a1 ¢1 (3a1s + 2 cf) =0

az c1 (arp + 4accl) =0

asyc1+ ajpco =0

o9 C1 + ajpcy =0

ﬁan C1 — 3&10 ail + 204(111 C:% -+ a9o1 Co — 0

—3&%1 Cc1 + 26 a19C1 — 661,10 a1 C1 + 16 a2 C? + 2&22 Co = 0.



Step 4:
e Solve the nonlinear algebraic system with parameters.
Reject complex solutions? Test the solutions.
e Example: Solution for Boussinesq case

Bci — c3 + 8ac]

aip =

2
3(31
ai] — 0
_ 2
alp = —4dac]
asy = free
as1 — 0
ay» = 4dacics.

Step 5:

e Return to the original variables.

Test the final solution in the original equations

e Eixample: Solitary wave solution for Boussinesq system:

2 2 4
c; — ¢+ Sac
u(x,t) = by 322 L — 4ac? tanh? [e1x + cot 4 6]
C1

v(x,t) = ag + dacicy tanh? [c1x + cot + 6] .
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Algorithm for Sech Solutions for PDE system

Given is a system of PDEs of order n
A(u(x),u'(x),u"(x), - - u(")(x)) = 0.

Dependent variable u has components u; (or u,v,w, ...)

Independent variable x has components z; (or x,vy, z,t)
Step 1:

e Seck solution of the form u;(x) = U;(.S), with
S = sech [c1x + ¢y + 32 + c4t] = tanh €.

e Observe (sech{) = — tanh{ sech or ' = —TS = —/1 — 52 5.
Also, cosh® € —sinh® €& = 1, hence, T? + 5% = 1 and % = —%

e Repeatedly apply the operator rule

Oe de
/T — 2c®?
oz, cV1—S SdS

This produces a coupled system of Legendre type equations of type
P(S, U, U,....U™ +vV1—=82Q(S,U,U.,....U™) =0
for U;(9).

For every equation one must have P, = 0 or ); = 0. Only odd
derivatives produce the extra factor v/1 — S2.

Conclusion: The total number of derivatives in each term in the

given system should be either even or odd. No mismatch is allowed.
e [ixample: For the 3D mKdV equation
up + 6ulu, + Uy = 0.

11



we obtain after cancelling a common factor —v/1 — 52§
cyU'4-6c,UU"+c1c2¢3[(1-65%)U'+38(1-25%) U"+S*(1-S*) U] = 0

Step 2:
e Seek polynomial solutions
Ui(S) = % aiij
=0
Balance the highest power terms in .S to determine M.
e Example: Powers for the 3D mKdV case
3My —1=M;+1
gives My = 1. Hence, U(S) = a9 + a11S.

Step 3:

e Determine the algebraic system for the unknown coefficients a;; by
balancing the coefficients of the various powers of S.

e Eixample: System for 3D mKdV case

a1 (a%l — 63) =0
ayy (6a3,c1+crcacs+cy) =0

2
ajp a1 €1 == 0

12



Step 4:

e Solve the nonlinear algebraic system with parameters.

Reject complex solutions? Test the solutions.

e Example: Solution for 3D mKdV case

ailg = 0
ailz = :i:\ /C1 C3
C4 = —C1C2C3

Step 5:

e Return to the original variables.

Test the final solution in the original equations

e Eixample: Solitary wave solution for the 3D mKdV equation

u(x,y, z,t) = £+/co c3 sech(cy x + coy + c32 — c19c3 1).

13



Extension: Tanh Solutions for DDE system

Given is a system of differential-difference equations (DDEs) of order n

y m
Ay Wy, Wy, Upyi gy eeey Uy, e, u% ), ..)=0.

Dependent variable u,, has components u; ,, (0r wy,, Uy, Wy, ...)
Independent variable x has components x; (or n,t).

No derivatives on shifted variables are allowed!

Step 1:

e Seek solution of the form u; ,(x) = U; ,(T'(n)), with
T(n) = tanh|cin 4 cot + 6] = tanh&.

e Note that the argument T' depends on n. Complicates matters.

e Repeatedly apply the operator rule on w;,

Oe 5 d®
E — C2(1 — T )ﬂ

This produces a coupled system of Legendre equations of type

P(T,U,,, Ui’,n, ..)=0
for U; ,,(T).
e Fxample: Toda lattice
G = (14 1) (U1 — 2Uy + Upy1) -
transforms into
(1 —T% [2TU;, — (1 — T*)UY|
+ 1+ (1 = THU}| [Un1 = 2Up + Upa] = 0

14



Step 2:

e Seek polynomial solutions

Uijn(T(n)) = jj\ffo ClijT(n)j

For Uy,+,p, p # 0, there is a phase shift:

M, - T'(n) £ tanh(pc) !
Uinep (T'(n£p) = i L T = i,j
ntp (T(n % p) goa g T(n+p)] Jgoa 7|1+ T(n) tanh(pcy)

Balance the highest power terms in T'(n) to determine M;.

e Example: Powers for Toda lattice
2My —1=M;+1
gives My = 1.
Hence,

Un(T(n)) = ajg+ allT(n)

T(n) — tanh(cy)

1 —T(n) tanh(c;)
T(n)+ tanh(cy)

1+ T(n) tanh(cy)

Un_l(T(n — 1)) = ajo+ allT(n — 1) = ayp + ay

Up1(T(n+1)) = ap+anT(n+1) =ay+ an

Step 3:

e Determine the algebraic system for the unknown coefficients a;; by
balancing the coefficients of the various powers of T'(n).

e Example: Algebraic system for Toda lattice

c% — tanh?(c;) — aji¢y tanhQ(cl) =0, cg—a;;=0

15



Step 4:

e Solve the nonlinear algebraic system with parameters.

Reject complex solutions? Test the solutions.

e Example: Solution of algebraic system for Toda lattice
ajg = free, a3 = ¢y = +sinh(¢)
Step 5:

e Return to the original variables.

Test the final solution in the original equations
e Eixample: Solitary wave solution for Toda lattice:

un(t) = ag £ sinh(cyp) tanh [cin + sinh(cy) t + 4]

16



Example: System of DDEs: Relativistic Toda lattice

U, = (14 auy) (v, — vy-1)

Uy = Up(Ung1 — Up + QUp — QU,_).

Step 1: Change of variables
Up(x,t) = Up(T(n)), vy(z,t) = V(T (n)),
with
T'(n) = tanh [c;n 4 cot + 0] = tanh&.

gives

(1 —=THU — (1+aU,)(Vy, — V1) =0
(1 —=THV! = Vi(Ups1 — Uy +aVyyr — aVy,_1) = 0.

Step 2: Seck polynomial solutions
My .
UMT()) = 2 aT(n)
]:
My .
Va(T'(n)) = % a;T(n)"
)=

Balance the highest power terms in T'(n) to determine My, and My :
My+1= M+ M,y,, My+1=DM;+ M,
gives My = My = 1.

Hence,
U, =ay+ CL11T(7”L), V., = ay + CLQlT(n).

17



Step 3: Algebraic system for a;; :
—aq11 Cy + a91 tanh(cl) + v ajg ag tanh(<31
ai1 tanh(cy) (avag + co) =

) =10

) =10

—a91 C2 + a1 azy tanh(cy) + 2 agg agy tanh(cy) =0
tanh(c;) (a11 ag1 + 2cva3; — aqq agy tanh(cy)) =0

) =10

a9 tanhQ(cl) (C2 — all) =

Step 4: Solution of the algebraic system

1 ¢y coth(cq) Co
aijp = —C2 COth(Cl) - —, a11 = C2, Q) = , Ao = ——.
Qo Q Q

Step 5: Solitary wave solution in original variables:

1
un(t) = —cy coth(cy) — ~te tanh [cin + cot + 6]

th
un(t) = ¢z cothler) ¢ tanh [cin + cot + 6] .
o) o)

18



Solving/Analyzing Systems of Algebraic Equations with Parameters

Class of fifth-order evolution equations with parameters:
wp + oy’ utu, + Byugusy + YUz, + Usy = 0.
Well-Known Special cases

Lax case: o = 1%, B =2,v=10. Two solutions:
u(z,t) = 4t — 6¢ tanh? [clx — 56c3t + (5]
and
_ 2 2 2 3 5
u(@, t) = ag — 2¢7 tanh” [eyx — 2(15adc; — 40aec] + 28¢7)t + 4|

where ag is arbitrary.

Sawada-Kotera case: o = %, B =1,v=1>5. Two solutions:
u(z,t) = 8c¢i — 12¢] tanh? {clx — 16¢3t + 5}
and
u(z,t) = ag — 6¢7 tanh? {clx — (Bajc; — 40agc; + 76¢;)t + 5}

where ag is arbitrary.

Kaup-Kupershmidt case: a = %, 0= %, v = 10. Two solutions:

u(z,t) = ¢ — ~cj tanh? {Clx — it + 5}

DO | WO

and
u(z,t) = 8¢ — 12¢* tanh? {clx — 176¢3t + 5} :

no free constants!

2
Q9

u(z,t) = 20c? — 30c? tanh? [Clx — 96¢7t + 5} .

[to case: a = %, 8 = 2,7 = 3. One solution:

19



What about the General case?
Q1: Can we retrieve the special solutions?

Q2: What are the condition(s) on the parameters «, (3, for solutions
of tanh-type to exist?

Tanh solutions:

u(z,t) = ag + a1 tanh [c;x + cot + 0] + a9 tanh? [c1x + cot + 6] .

Nonlinear algebraic system must be analyzed, solved (or reduced!):

ar(ay?a3 + 6yascs + 2Byasct + 24c¢y) =0
ar(ay?a? + 6ayagas + 6yapc; — 18yasct — 12Bvasc? — 120¢)) = 0
ay?a3 4 12vasct + 65vasct 4 360c; = 0

2ayiaiay + 2aagas + 3yaick + Byaici + 12vagasc:
—8yaic: — 8Byaict — 480asct = 0

ar(ay’aie, — 2vagcs + 2Byasci + 1667 + ¢3) = 0

ay’agaic) + aylajasc; — yaic; — Byaic; — Syapasc; + 2Bvasc
—|—136a2c? + ascy = 0

Unknowns: ag, a1, as.
Parameters: c1, o, a, 3, 7.

Solve and Reduce cannot be used on the whole system!

20



Strategy to Solve/Reduce Nonlinear Systems

Assumptions:
o All C; 7é 0

e Parameters (a, 3,7, ...) are nonzero. Otherwise the highest powers
M; may change.

o All a;, # 0. Coefficients of highest power in U; are present.

e Solve for a;j, then ¢;, then find conditions on parameters.

Strategy followed by hand:

e Solve all linear equations in a;; first (cost: branching). Start with
the ones without parameters. Capture constraints in the process.

e Solve linear equations in ¢; if they are free of a;;.
e Solve linear equations in parameters if they free of a4, ¢;.
e Solve quasi-linear equations for a;;, ¢;, parameters.
e Solve quadratic equations for a;;, ¢;, parameters.
e Fliminate cubic terms for a;j, ¢;, parameters, without solving.
e Show remaining equations, if any.
Alternatives:
e Use (adapted) Grébner Basis Techniques.

e Use combinatorics on coefficients a;; = 0 or a;; # 0.

21



Actual Solution: Two major cases:

CASE 1: a1 = 0, two subcases
Subcase 1-a:

3
as = —§a0

ey = c}(24e] — Bya)
where a is one of the two roots of the quadratic equation:

ay’al — 8yapci — 4Bvyage] + 160c; = 0.

Subcase 1-b: If § = 10ae — 1, then

6
ay = ——¢
ary
1
o = ——(a*yade; — Sayaoc + 12¢) + 16ac’)
o

where a is arbitrary.

CASE 2: a; # 0, then

1
— (394383 4 832
and
168
a9 = ————C
v(3+28) "

provided (3 is one of the roots of
(1043% + 8863 + 1487)(5203° + 21583* — 11033 — 8871) = 0

22



Subcase 2-a:If[?zzz——ii(886¢3+-1487),then

28 +5
o = —
26
49¢2(9983 + 43783)
a —_— —
! 267v(8 + 33)(3 + 206)?
336¢2
] = T—————
v(3 +20)
168¢3
Ay = —————
v(3 +20)
364 ¢ (3851 + 163403)
Cy = — .
’ 6715 + 29463
Subcase 2-b: If 3% = -,(8871 + 11036 — 21583%), then
39 4 383 + 83
C‘f p—
392
28 ¢ (6483 + 552904 + 106652)
a _—
YT (3+28)(23+608)(81 + 268)7
o 28224 ¢t (46 — 1)(264 — 17)
L (3 +23)2(23 + 6/3)(81 + 263)72
168¢3
Ay = ————
v(3 +20)

__8(%(1792261977—%116106388L3—%18890011452)

© = 050833473 + 632054969 + 10517678632

23



Implementation Issues — Software Demo — Future Work

e Demonstration of Mathematica package for tanh/sech methods.

e Long term goal: Develop PDESolve for closed form solutions of
nonlinear PDEs and DDEs.

e Implement various methods: Lie symmetry (similarity) methods.
e Look at other types of explicit solutions involving

— hyperbolic functions sinh, cosh, tanh, ...
— other special functions.

— complex exponentials combined with sech or tanh.

e Example: Set of ODEs from quantum field theory

Upy = —U u? 4 auv?
Vpy = bU+ cv® + av(u2 —1).
Try solutions (¢ = 0 for ODESs)
Mi . Ni .
ui(x,t) = > a;; tanl![eyx + cot + 0] + X by sech? e x + cot + 6.
=0 =0
or

M; - .
wi(x,t) = 3 (ai; + bi;j sechlcix + cot + 0]) tanh!|cix + cot + 4.
5=0

Solitary wave solutions:

a’ — ¢
= =+ tanh J
U an[Q(a_C)X+]
l—a a? — ¢
= + h| | ——x+9
v a—cseC[Q(a—c)}H_ ]
CL2—C

provided b = a0

24



e Example: Nonlinear Schrodinger equation (focusing/defocusing):

iUy + U % [ul*u = 0.

Bright soliton solution (4 sign):

w(, ) = - expli (Sa + (k2 — $)1)] sechlk(x — ct — xo)]

V2 2 4

Dark soliton solution (— sign):

1 2
u(e, ) = v@emﬂ%Kx—(%?+3KQ—2Kt+iﬂﬂ]

{kmmm@—@—&m—mK—;}

e Example: Nonlinear sine-Gordon equation (light cone coordinates):

Uy = SINU.
Setting ® = u,, ¥ = cos(u)— 1, gives

Oy —P—dU = 0
2U 4+ U2 + &7 = 0

Solitary wave solution (kink):

1 1
sech|

NN

U = cos(u) —1=1—2sech?|

¢ = u, ==+ (x — ct) + 4],

1

Iy

(x — ct) + 4],

Iy

in final form:

1
u(x,t) = +4 arctan (exp(

(x — ct) +5)) :

ly

25



e Fixample: Coupled nonlinear Schrodinger equations:

TU = Upy + u(!u!Q -+ h!v\2)

vy = vm—kv(\vl2+h\u|2)

Seek particular solutions

u(z,t) = a tanh(ux) exp(iAt)
v(x,t) = bsech(ux) exp(iBt).

e Seck solutions u(z,t) = U(F(£)), where derivatives of F(£) are
polynomial in F.

Now

)

Fl(€)=1—-FY§) — F= tanh(c).
Other choices are possible.

e Add the constraining differential equations to the system of PDEs
directly.

e Why are tanh and sech solutions so prevalent?

e Other applications:

Computation of conservation laws, symmetries, first integrals, etc.
leading to linear parameterized systems for unknowns coefficients
(see InvariantsSymmetries by Goktag and Hereman).

26



