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e Purpose

Design and implement algorithms to compute polynomial conser-
vation laws and generalized symmetries (later recursion operators)
for nonlinear systems of evolution and lattice equations.

e Motivation

— Conservation laws describe the conservation of fundamental phys-
ical quantities (linear momentum, energy, etc.).

Compare with constants of motion (linear momentum, energy)
in mechanics.

— Conservation laws provide a method to study quantitative and
qualitative properties of equations and their solutions,
e.g. Hamiltonian structures.

— Conservation laws can be used to test numerical integrators.

— For PDEs and DDEs, the existence of a sufficiently large (in
principal infinite) number of conservation laws or symmetries
assures complete integrability.

— Conserved densities and symmetries aid in finding the recur-
sion operator (which guarantees the existence of infinitely many
symmetries).



PART I: Evolution Equations (PDEs)

e System of evolution equations
w = F(u,u,,uyy, ..., upy)
in a (single) space variable  and time ¢, and with
u = (uy, g, ..., uy), F = (F1,Fy ... F,).

Notation:

Ju

_ q(m) _
U,, =u'""’ = :
ox™

F is polynomial in u, u,, ..., U,,,.

PDEs of higher order in ¢ should be recast as a first-order system.

e Examples:

The Korteweg-de Vries (KdV) equation:
Uy + uty, + ug; = 0.

Fifth-order evolution equations with constant parameters (a, (3, ):

wr + autuy + Bugtey + Yuus, + sy = 0.
Special case. The fifth-order Sawada-Kotera (SK) equation:

up + 5utuy, + Dy, + Suusy + us, = 0.
The Boussinesq (wave) equation:

Ut — Uy + SUloy + SUy’ + Uy, = 0,

written as a first-order system (v auxiliary variable):

ur + v, = 0,

vt + U, — SUuU, — g, = 0.
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A vector nonlinear Schrodinger equation:
B; + (|B|*B), + (By - B,)By +e x B,, =0,
written in component form, By = (a,b) and B = (u,v) :
U + {u(u2 +v3) + Bu + v — ?}xL =0,
v + [v(u2 +v?) + Ou + v + uwh =0,
B=a%~y=0=ab, and § = b°.
Key concept: Dilation invariance.

Conservation laws, symmetries and recursion operators are invariant
under the dilation (scaling) symmetry of the given PDE.

The KdV equation, u; + uu, + us, = 0, has scaling symmetry
(t,z,u) — (A3, A1, Au).

u corresponds to two x-derivatives, u ~ D?. Similarly, D; ~ D2.

The weight, w, of a variable equals the number of x-derivatives the
variable carries.

Weights are rational. Weights of dependent variables are

nonnegative.

Set w(D,) = 1.

Due to dilation invariance: w(u) = 2 and w(Dy) = 3.
Consequently, w(x) = —1 and w(t) = —3.

The rank of a monomial is its total weight in terms of x-derivatives.
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Every monomial in the KdV equation has rank 5.
The KdV equation is uniform in rank.

What do we do if equations are not uniform in rank?

Extend the space of dependent variables with parameters carrying
weight.

Example: the Boussinesq system

ut+v$ — 07

vt + Uy — 3uu, — aug, = 0,

is not scaling invariant (u, and wug, are conflict terms).

Introduce an auxiliary parameter (3

Ut + Vy = 07

v + Pug, — 3uu, — aug, = 0,
which has scaling symmetry:

(z,t,u,v, B) — Az, N2t, A" 2u, A%, A20).

CONSERVATION LAWS.
Dtp + DxJ = O,

with conserved density p and flux J.
Both are polynomial in u, u,, ug,, Uz, ....
+00
P = /_OO p dx = constant
if J vanishes at infinity.

Conserved densities are equivalent if they differ by a D, term.
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Example: The Korteweg-de Vries (KdV) equation
w + uu, + us, = 0.

Conserved densities:
9

u
p1 = u, Dy(u) + Dgc(2 + U9, ) = 0.
2 2 2u’ 2
p2 = U, Dt(u)+Dx(3+2uu2x—ux):O.
p?) — U‘3 - 3“3327

3
Dy (u3 — 3ux2) +D, (4?1,4 — 6uux2 +3u2u% +3u2x2 — 6uxu;),x> =0.

pe = u® — 60wty — 30u," + 108w us,?

720 4 648, 216
T U2” — o UUZ, T Uy

7 7 7

Time and space dependent conservation law:
Dy (tu2 — 2:z:u>

2
+ D, (3tu3 — zu® + 2tuty, — tui — 22U9, + 2ux) = 0.

e Algorithm for Conservation Laws of PDEs.

1. Determine weights (scaling properties) of variables and

auxiliary parameters.
2. Construct the form of the density (find monomial building blocks).
3. Determine the constant coefficients.
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e Example: Density of rank 6 for the KdV equation.

Step 1: Compute the weights.
Require uniformity in rank. With w(D,) = 1:
w(u) + w(Dy) =2w(u) + 1 = w(u) + 3.
Solve the linear system: w(u) = 2, w(D;) = 3.
Step 2: Determine the form of the density.

List all possible powers of u, up to rank 6 :  [u, u*, u?].

Introduce = derivatives to ‘complete’ the rank.
u has weight 2, introduce D2,
u* has weight 4, introduce D?.

u? has weight 6, no derivative needed.

Apply the D, derivatives.
Remove terms of the form D,u,,, or D, up to terms kept prior in
the list.

4] ] empty list.
2

-
[, wto,] — [up?]  since wtg, = (Utty )y — Uy’
—

Linearly combine the ‘building blocks’:

3 2
p = Clu"~ + cou,".



Step 3: Determine the coefficients c;.
Compute D;p = 31Uy + 269Uy Uyt
Replace u; by —(uu, + ug,) and wyy by —(uuy, + usy ).

Integrate the result, E, with respect to x. To avoid integration by
parts, apply the Euler operator (variational derivative)

m 0

kz::()( )5ka

0 0 0 0
-~ D, D? - (=1)"D" .

5~ D)+ Do) -+ (1D —)

to E of order m.

If L,(F) = 0 immediately, then F is a total x-derivative.

If L,(F) # 0, the remaining expression must vanish identically.

3
Dip :—D$[4clu4— (3¢1—co)uur + 3eyuus,

— Cotlp,+ 2cou,us,] — (3¢ + co)uy”.

The non-integrable term must vanish.

S0, ¢ = —%62. Set ¢o = —3, hence, ¢; = 1.
Result:

p = u — 3u,”.
Expression |...] yields

3
J = 4u4 — Guu,? + 3utug, + g’ — Guyus,.

Example: First few densities for the Boussinesq system:
p1 = U, p2 = U,
p3 = U, py = Bu?—ud+0v*+ au,’.
(then substitute § = 1).
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e Application.
A Class of Fifth-Order Evolution Equations

2
Ur + QU Uy + BUzp Uy + YUUZ, + Use = 0
where «, (3, are nonzero parameters.

u~ D7,

Special cases:

= 30 8 =20 v =10 Lax.

= 5 B=5 v=25 Sawada — Kotera.

= 20 6 =25 v =10 Kaup — Kupershmidst.
= 2 =06 v =3 [to.

e L L L
|

What are the conditions for the parameters o, 6 and ~
so that the equation admits a density of fixed rank?

— Rank 2:

No condition
p = u.
— Rank 4:
Condition: § =2y (Lax and Ito cases)

p=1u".
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— Rank 6:
Condition:
100 = —23% + 78y — 37
(Lax, SK, and KK cases)
5
Uy
(=28 +7)

p = u’ +
— Rank 8:

1. =2y (Lax and Ito cases)

6 6
p = ut — luuf + *ngz.
Qa Q

2. a= —252_74557_472 (SK, KK and Ito cases)
., 1%, 615,

p=u — 25+7uugg +Wu2x .
— Rank 10:
Condition:
B =2
and
10ar = 3v*
(Lax case)

50 100 500
p = u’ — 7u2u$2 + fﬁuu%Q — —uggf.
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What are the necessary conditions for the parameters «, 3 and ~
so that the equation admits oo many polynomial conservation laws?

—If @ = 579 and 8 = 2 then there is a sequence
without gaps!) of conserved densities (Lax case).
ithout ) of d densities (L

—If @ = 14 and 8 = v then there is a sequence
(with gaps!) of conserved densities (SK case).

—If @ = 14? and 8 = 27 then there is a sequence
(with gaps!) of conserved densities (KK case).

—If
L 2T+ 4y
N 45
or
B =2y

then there is a conserved density of rank 8.
Combine both conditions: o = 2 and 8 = 27 (Ito case).

9

SUMMARY: see tables (notice the gaps!)
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e GENERALIZED SYMMETRY.

G(z,t,u,u;, vy, ...)

with G = (Gy, G, ...,Gy) is a symmetry iff it leaves the PDE
invariant for the replacement u — u + €G within order €. i.e.

Di(u+€eG) = F(u+ eG)
must hold up to order € on the solutions of PDE.
Consequently, G must satisfy the linearized equation
D;G = F'(u)[G],

where F is the Fréchet derivative of F, i.c.,

F'(u)[G] = iF(u + €G)|e=o-

Here u is replaced by u + €G, and u,, by u,, + €D"G.

e Example.

Consider the KdV equation
w = 6uu, + us,.
Generalized symmetries:

GW=u,, G = 6uu, + us,,

G®) = 300 u, + 20U 9, + 10uus, + Usy,

GW =140uPu, + 7003 + 280un,uy, + T0u us,
+70ug, U3, + 420, us, + 1duus, + u7,.
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e Algorithm for Generalized Symmetries of PDEs.
Consider the KdV equation, u; = 6uu, + us,, with w(u) = 2.
Step 1: Construct the form of the symmetry.

Compute the form of the symmetry with rank 7.

List all powers in « with rank 7 or less:
L ={1,u,u*u}.
For each monomial in £, introduce the needed z-derivatives, so that

each term exactly has rank 7. Thus,

D.(u?) = 3utu,, D3(u?) = 6u,us, + 2uus,,
D’(u) = us,, DI(1)=0.

Gather the resulting (non-zero) terms

2
R = {u Uy, UzpU2y, UUZy, u5x}-
The symmetry is a linear combination of these monomials:
G = 2
= C1 U Uy + Co UypU2y + C3UUS, + Cq Usy.

Step 2: Determine the unknown coefficients c;.

Compute D;G and use KdV to remove uy, Uy, Uszy, €tc.
Compute the Fréchet derivative.

Equate the resulting expressions.

Group the terms:

(12¢; — 18cp)uug, + (6¢1 — 18¢3)uus, + (6¢; — 18¢3)ua s, +
(3o — 6004)u§x + (3¢9 4 3c3 — 90¢y ) ug, gy + (3e3 — 30¢y)uzus, = 0.
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Solve the linear system:

S = {12¢; — 18¢y = 0,6¢; — 18¢3 = 0, 3¢ — 60cy = 0,

3¢y + 3c3 — 90¢cqy = 0, 3c3 — 30cy = 0}
Solution: % = % = % = ¢y4.
Setting ¢4 = 1 one gets: ¢ = 30, co = 20, c3 = 10.
Substitute the result into the symmetry:
G = 30u*u, + 20U, g, + 10uus, + s,

Note that u; = G is known as the Lax equation.

r-t Dependent symmetries.

The KAV equation has also symmetries which explicitly depend on
x and t.

The same algorithm can be used provided the highest degree of x
or t is specified.

Compute the symmetry of rank 2, that is linear in x or ¢.
List all monomials in u, z and ¢ of rank 2 or less:
L ={1,u,z zu,t, tu,tu’}.

For each monomial in £, introduce enough x-derivatives, so that
cach term exactly has rank 2. Thus,

D,(zu) = u+ zu,, D,(tu®) = 2tuu,, D?(tu) = tus,,
D3(1) = Di(z) = Dy(t) = 0.
Gather the non-zero resulting terms:
R = {u, xuy, tut,, tus, },
Build the linear combination
G = cu—+ coxu, + cgtuu, + ¢4 tus,.
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Determine the coefficients ¢ through c4:

2 1
G = gu + gxux + 6tuu, + tusg,.

Two symmetries of KdV that explicitly depend on x and ¢ :
G =1+ 6tu,, and G = 2u + zu, + 3t(6uu, + us,),

of rank 0 and 2, respectively.
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PART II: Differential-difference (lattice) Equations

e Systems of lattices equations
Consider the system of lattice equations, continuous in time,
discretized in (one dimensional) space
u, =F(.,u, 1,0, u,.1,...)
where u,, and F are vector dynamical variables.
F is polynomial with constant coefficients.

No restrictions on the level of the shifts or the degree of nonlinearity.

e CONSERVATION LAW:
pn - Jn - Jn+1
with density p, and flux J,.

Both are polynomials in u,, and its shifts.

d :
dt(%: pn) - %:pn = %:(J” - Jn+1>
if .J,, is bounded for all n.
Subject to suitable boundary or periodicity conditions

> pn = constant.
n
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e Example.

Consider the one-dimensional Toda lattice

yn — €Xp (yn—l — yn) — E€XP (yn - yn+1)

Yy is the displacement from equilibrium of the nth particle with
unit mass under an exponential decaying interaction force between
nearest neighbors.

Change of variables:

Up = Yn, Up = €XP (yn — yn—|—1>

yields

Uy = Vp—1 — Un, U, = Un(un - Un—|—1>-
Toda system is completely integrable.

The first two density-flux pairs (computed by hand):

pg) = Uy, Jé” = Up—1, and p7<12) = %Ui + Up, quz) = UpUp—1-

e Key concept: Dilation invariance.

The Toda system as well as the conservation laws and symmetries
are invariant under the dilation symmetry

(t, U, vp) — (A7, Ay, A20p).

d

Thus, u, corresponds to one ¢-derivative: u, ~ 3.

. 2

Similarly, v, ~ C%Z.

Weight, w, of variables are defined in terms of t-derivatives.
Set w($) = 1.
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Weights of dependent variables are nonnegative, rational, and
independent of n.

Due to dilation invariance: w(u,) =1 and w(v,) = 2.
The rank of a monomial is its total weight in terms of t-derivatives.

Require uniformity in rank for each equation to compute the weights:
(solve the linear system):

w(u,) + 1=w(v,), wv,)+ 1=wu,) + w(v,),

Solving the linear system yields w(u,) = 1, w(v,) = 2.

Equivalence Criterion.

Define D shift-down operator, and U shift-up operator,
on the set of all monomials in u,, and their shifts.

For a monomial m :
Dm =m|,—n_1, and Um = m|,_p1.
For example
Dun—i—ZUn — Un+1Un—1, Utty—2Up—1 = Up—10y,.

Compositions of D and U define an equivalence relation.
All shifted monomials are equivalent.

For example

Up—1Un+1 = Un42Unt4 = Up—3Un—1.
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Fquivalence criterion:

Two monomials m; and msy are equivalent, m; = mso, if
mp = Mo+ [Mn - Mn—l—l]

for some polynomial M,,.

For example, u,_su, = U,_1U,41 Since

Up—2Un = un—lun+1+[un—Qun_un—lun+1] — un—lun+1+[Mn_Mn+1]-

Main representative of an equivalence class is the monomial with
label m on u (or v).

For example, u,u,o is the main representative of the class
with elements u,_1U;, 1, Ups1Upnig, €bC.

Use lexicographical ordering to resolve conflicts.

For example, 1, v, 42 (not u,_ov,) is the main representative of
the class with elements w,,_3v,_1, Uy 12U, 14, etc.

e Steps of the Algorithm for Lattices.

Three-step algorithm to find conserved densities:

1. Determine the weights.
2. Construct the form of density:.

3. Determine the coefficients.
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Example: Density of rank 3 or the Toda lattice,
Up = Up—1 = Uy On = Un(Uy — Unt1).
Step 1: Compute the weights.
Here w(u,) = 1 and w(v,) = 2.
Step 2: Construct the form of the density.
List all monomials in u,, and v,, of rank 3 or less:
g= {ui, ui, UV, Up, Up b

For each monomial in G, introduce enough ¢-derivatives to obtain
weight 3. Use the lattice to remove 1w, and v, :

dO 5 5 dO

g9 = () =

d

dt(ui) = 2unvn—1 _ 2unvna

d

dt(’Un) — unvn - Un+1vn7

d2

dtz(un) = Up—-1Up—1 — UpUpn—1 — UpUy + Un+1Un-

Gather the resulting terms in a set
3
H — {um UpUp—1, UpUp, Up—1Up—1, unJrlvn}-

Replace members in the same equivalence class by their
main representatives .

For example, u,v,_1 = u,.1v, are replaced by wu,v,_1.
Linearly combine the monomials in
3
T ={u,, upvy_1, Uy¥y }

to obtain
3
Pn = C1 U, + Co UpUp—1 + C3 UpUp.
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Step 3: Determine the coefficients.

Require that p, = J, — J,.1, holds.
Compute p,, and use the lattice to remove 1, and v,,.
Group the terms
pn = (3c1 — c)ulv,_1 + (c3 — 3¢)ulv, + (c3 — c2)vu_1vy,
+Coly—1URVp—1 + czvi_l — C3UpUp+1Vy — 031}%.
Use the equivalence criterion to modify p,.

Replace , 1u,v, 1 bY Uplp 10, + [Un_1UnUp_1 — UnUpi1Uy).
Introduce the main representatives. Thus
pn = (3c1 — co)urv,_1 + (c3 — 3cy)u; vy
+(03 - C2>Unvn+1 + [(03 - 02>Un—1vn - (03 - 02)Unvn+1]
+C2unun+1vn + [C2un—1unvn—1 - C2unun+1vn]

2 2 2 2
+Cov; + [cous | — CoUr] — C3URUL 1V, — C3U

Group the terms outside of the square brackets and move the pairs
inside the square brackets to the bottom.

Rearrange the terms to match the pattern [J,, — J,11].

Hence

pn = (3c1 — c)ulv,_1 + (c3 — 3cy)ulv,
+(c3 — ¢2)vn41 + (€2 — 3)untin 10, + (€2 — c3)v;
+{(e3 — )10y + Cottp_1UnVp_1 + C20>_;}
—{(e3 — ) VUns1 + CotpUp 10y + 202 .
The terms inside the square brackets determine:

2
I = (3 — C2)Up_10p + Colly_1UpUy_1 + CoU5 1.
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The terms outside the square brackets must vanish, thus

S={3c1 —c2=0,c3 —3c1 =0,¢0 — c5 =0}.

The solution is 3¢y = ¢9 = ¢3, so choose ¢; = %, and ¢ = c3 = 1:

Pn

1 2

3
= 3 Uy + U (V1 + V), I = Up 1 UpUp_1 + V4.

Analogously, conserved densities of rank < 5:

Un P = tuy” + v,

%un?’ + Up (V1 + Up)

1, 4 2 1, 2
1Un + Up, (Un—l + Un) + UpUp41Up + 5Un + UpUp+1

%Urﬁ + Ung(vn—l + Un) + unun—i-lvn(un + U’”‘H)

+unvn—1(vn—2 + Up—1 -+ Un) + Unvn(vn—l + Up + Un—l—l)-
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e GENERALIZED SYMMETRIES

A vector function G(...,u,_1, Uy, Upy1,...) is a symmetry if the
infinitesimal transformation u, — u, + €G(..., W, _1, Uy, Wpy1, -..)
leaves the lattice system invariant within order e.

Consequently, G must satisfy the linearized equation

D,G = F'(u,)[G],

where F’ is the Fréchet derivative of F', i.e.,

F'(u,)[G]| = geF(un + €G)|e=0-

Here, u, — u, + €G(...,u,_1, Uy, Uy 1, ...) means that w,.y is
replaced by W, + €Gp—pii-

e Example
Consider the Toda lattice
Up = Vp1 = Vp, Uy = Up(Up — Upy1).
Higher-order symmetry of rank (3, 4):

Gl - Un(“n + un—l—l) - Un—l(“n—l + un)a

Gy = Un(ur21+1 - “721) + Un (Vg1 — Vpo1).
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e Algorithm for Generalized Symmetries of DDEs.

Consider the Toda system with w(u,) = 1 and w(v,) = 2.
Compute the form of the symmetry of ranks (3,4), i.e. the first
component of the symmetry has rank 3, the second rank 4.

Step 1: Construct the form of the symmetry.

List all monomials in u,, and v,, of rank 3 or less:

3 .2
[h,::{unaunaunvnaunavn}a

and of rank 4 or less:

2

2
n?unvn7un7vnavn}'

4,3 2
Lo = {u,,u,, urv,, u

For each monomial in £; and Lo, introduce enough t-derivatives,
so that each term exactly has rank 3 and 4, respectively.

Using the lattice equations, for the monomials in £ :

dO 3 3 dO
dto(un) = ’U/TN djo(unvn) = UpUp,
d

d? d . d
dt2(un) = dt<un) = dt(vn_l — Up)

= Up—1Up—1 — UpUp—1 — UpUp + Up41Un.
Gather the resulting terms:

3
Rl — {U’na Up—1Un—1, UnUn—1, UpUnp, un—l—lvn}-
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4 2 2 2 2
RZ - {Un, Uyp_1Un—1, Up—-1UpUp—1, UpUn—1, Un—2Un—1, U, _1, Uy Un,

2 2
UpUn+1Vn, Wi 1 Vny Un—1Un, Usyy UnUpt1 -
Linearly combine the monomials in R and Ro

3
Gl = C1u, + C2 Up—1Vp—1 + C3 UpUp—1 + C4 UpUp + C5 Up41Unp,
4 2 2
Gy = cou, + C7U;,_1Un—1 + C3 Up—1UnUn—1 + Co Uy Vp—1
2 2
1C10 Un—2Un—1 + C11 U1 + C12 Uy U + C13 UpUp41Up

2 2
+C14 Uy, Uy + C15 Up—1Up + C16 Uy, + C17 UpUpy1.

Step 2: Determine the unknown coefficients.

Require that the symmetry condition holds.

Solution:

Cl = Cg = C7 = Cg = C9g = Cg = C1] = C13 = C15 = 0,

—Cy) = —C3 = C4 = Cy; = —C12 = C14 = —C15 = C17.

Therefore, with c¢17 = 1, the symmetry of rank (3,4) is:

Gl = UpUp — Up—-1Up—1 T Up+1Up — UpUp—1,

2 2
Gy = U, Uy — Uy Uy + VpUpg1 — Up_1Uy.

Analogously, the symmetry of rank (4, 5) reads

2 2 2 2
Gi1 = Uy, + UpUp1Vy + Uy Uy + U, + VpUpgl — Uy Up—1

2 2
—Up—1UpUp—1 — U, Un—1 — Up—2Up—1 — U,,_1q,
Gy = 2 +2 - — v, + u
2 = Up+1VU), Un+1UnUn41 T Up4-2UnUpt1 — UpUp T Uy 1Up

2

—Up—1Up—1Up — 2UpUp_1Vy — UpL;,.
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e Example: Nonlinear Schrédinger (NLS) equation.
Ablowitz and Ladik discretization of the NLS equation:
P Uy = Upy1 — 2Up + U1 + U Uy (Up 1 + Up—1)-
uy is the complex conjugate of w,,.

Treat u,, and v, = w; as independent variables and add the complex
conjugate equation. Absorb 7 in the scale on ¢ :

un = Up4+1 — 2un + Up—1 + unvn(un—i—l + un—l);
v, = _(Un—l—l - 2Un + Un—l) - unvn(vn+1 + Un—l)-
Since v, = u}, w(v,) = w(uy,).

No uniformity in rank! Introduce an auxiliary parameter o with
weight.

un - Q(un+1 - 2un + un—l) + un”n(un—l—l + un—l);
v, = —Oé(Un+1 — 2u, + 'Un—l) - unvn(vn—i—l + vn—l)-
Uniformity in rank leads to

w(u,) +1 = w(a) +wlu,) = 2w(u,) + w(v,) = 3w(u,),
w(v,) +1 = wla) +wv,) =2w(v,) +w(u,) = 3w(vy,).

/N

which yields X
w(uy,) = w(v,) = 2,w(oz) = 1.

Uniformity in rank is essential for steps 1 and 2.
After Step 2, set a = 1. Step 3 leads to the result:

1
ﬂ;) = ClUpVUp—1 + CoURVp 1, €tC.
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PART III: Software

e Scope and Limitations of Algorithms.

— Systems of evolution equations or lattice equations must
be polynomial in dependent variables.
No explicitly dependencies on the independent variables.

— Only one space variable (continuous or discretized) is allowed.

— Program only computes polynomial conservation laws and gen-
eralized symmetries (no recursion operators yet).

— Program computes conservation laws and symmetries that ex-
plicitly depend on the independent variables, if the highest de-
gree is specified.

— No limit on the number of equations in the system.
In practice: time and memory constraints.

— Input systems may have (nonzero) parameters.
Program computes the compatibility conditions for parameters
such that conservation laws and symmetries (of a given rank)
exist.

— Systems can also have parameters with (unknown) weight.
This allows one to test evolution and lattice equations
of non-uniform rank.

— For systems where one or more of the weights is free,
the program prompts the user for info.

— Fractional weights and ranks are permitted.
— Complex dependent variables are allowed.

— PDEs and lattice equations must be of first-order in .
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e Conclusions and Future Research
— Implement the recursion operator algorithm for PDESs.
— Design an algorithm for recursion operators of DDEs.
— Improve software, compare with other packages.
— Add tools for parameter analysis (Grobner basis).
— Generalization towards broader classes of equations (e.g. ).

— Generalization towards more space variables
(e.g. Kadomtsev-Petviashvili equation).

— Conservation laws with time and space dependent coefficients.

— Conservation laws with n dependent coeflicients.

— Exploit other symmetries in the hope to find conserved densities.
of non-polynomial form

— Application: test models for integrability.
— Application: study of classes of nonlinear PDEs or DDEs.

— Compute constants of motion for dynamical systems

(e.g. Lorenz and Hénon-Heiles systems)
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e Implementation in Mathematica — Software

— U. Goktag and W. Hereman, The software package
InvariantsSymmetries.m and the related files are available at
http://www.mathsource.com /cgi-bin /msitem?0208-932.
MathSource is an electronic library of Mathematica material.

— Software: available via F'TP, ftp site mines. edu
in

pub/papers/math_cs_dept /software /condens
pub /papers/math_cs_dept /software/diffdens

or via the Internet

URL: http://www.mines.edu/fs_home/whereman/
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