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Abstract

One of the most natural measuresof regularity of a triangular meshhomeomorphic
to the two-dimensional sphereis the fraction of its vertices having degree6. We
construct a linear-time connectivity compressionscheme build upon Edgebrealer
which explicitly takes advantage of regularity and prove rigorously that, for su -
ciertly large and regular meshes,it producesencalings not longer than 0:811 bits
per triangle: 50% below the information-theoretic lower bound for the classof all
meshes.Our method usespredictive techniques enabled by the Spirale Rewversi de-
coding algorithm.
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1 Intro duction

Geometricdataistypically represeted by meshespften triangular. Frequertly,

there is needto accessud data via a network connectionand, in sud cases,
bandwidth tendsto becomea seriousobstacleto interactivity. An obvious way

out of this problem s to usecompressedepresetations.

The standard represetation of a triangular meshconsistsof two parts: con-
nectivity and vertex coordinates and properties. If stored in uncompressed
form, connectivity is typically more expensiwe. In this paper we are concerned
with bit-e cien t encalings of connectivity of triangular mesheswhich canbe
produced as well as decaled in linear time. There have beentwo interlaced
threads of related researb activity. One attempts to build compressional-
gorithms with good compressionability for triangular meshesappearing in
practice [15],[3],[12].The goal of the other is to invert algorithms which have
good worst-case characteristics, i.e. which guarartee encaling sizesof cer-
tain number of bits per triangle for simple (homeomorphicto the 2D sphere)
meshes Examplesinclude [16],[9],[5],[4],[11],[10],[2]The last three references
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exemplify the recen e orts to analyzethe algorithms invented and tested for
practical applications in terms of worst-caseperformance.Remarlkably, the
bound of 1:78 bits per triangle from [2] is the best worst-casebound for a
linear compressiorstheme proved so far.

The ultimate limitation of the worst-caseanalysisis the information-theoretic

lower bound on the compressionratio which follows from the erumeration

resultsof [17]:4 1:5log,3 1:623bits per triangle. This is very closeto the

worst-caseboundsfor the algorithms alreadyanalyzed(note that an O(n logn)

algorithm able to approadt the information-theoretic lower bound is known

[4]) and, at the sametime, much more than the experimertally measured
performanceof the state of art compressionscthemes(seee.g.[15],[3]), which

usually produce compressedepresetations with sizesof about 0.5{1 bits per
triangle. This raisesa doubt whetherworst-caseanalysisin the form exercised
until now is an adequatetool for assessingonnectivity compressioralgorithms

and explaining their measuredperformanceand whether it is able to provide

correct cueshelping to improve them.

The experimertal measuremets mertioned above show that, in practice, the
bestconnectivity compressioralgorithms areableto take advantage of regular-
ity of the input meshto bring the compresseaizemuch below the information-
theoretical lower bound. In this paper we presen the rst (up to our knowl-
edge)attempt to quartify rigorouslythe e ect that regularity of ameshhason
the compressiomrate. It is a well-known consequencef Euler's formula that
the averagedegreeof a vertex in a large simple meshis closeto 6. Thus, one
can expect that atypical meshhasa lot of verticesof degree6. This is indeed
the casefor many 3D models,including the ubiquitous 35947-ertex Stanford
bunny model, in which 75:9% vertices have degree6. This motivatestreating
the fraction of degree-6vertices as a measureof regularity. We construct a
compressionsthemewhich explicitly takesadvantage of regularity and prove
that, for su cien tly largeandregular meshesit producesencalingsof sizenot
exceeding0:811 bits per triangle: over 50% below the information-theoretical
lower bound mentioned above. An important feature of our algorithm is that it
is extremely simpleto implemert, sinceit is a combination of the Edgebrealer
compressionalgorithm [11], Spirale Reversi decompressioralgorithm [7] and
arithmetic coding [18].

Clearly, our choice of a measureof regularity is highly disputable: there are
many other notions of regularity onecanthink of. Besides,our argumern still
doesnot fully explainwhy the state of art compressiorsdhemesperform sowell
in experimertal tests (e.g. for models having 25% verticesof degreedi erent
from 6, about as much as in the Stanford bunny model, we can only prove
that our algorithms approad 175 bits per triangle, while the experimerts in
[12] led to compressiorrates below 1 bit per triangle). Investigation of other
regularity measureswhich better model the structure of meshesencourtered



in practice and their impact on performanceof various compressiorsthemesis
an interesting topic for future researb. We are currently working on practical
aspects of the results of this paper. It turns out (see[14]) that a conditional
entropy coder basedon our ideasperformssigni cantly better than the com-
monly usedhigher order erntropy coder. The savings depend on the regularity
of the input meshand, for the modelstested in [14], range between5 and 33
percen.

2 Edgebreak er and Spirale Reversi

In this sectionwe brie y recall the principles of Edgebrealer [11] and Spirale

Rewersi style of reconstructingthe encaled meshfrom the encaling string [7].

We are going to assumethat the meshesare simplei.e. are triangulations of

the two-dimensionalsphere.Equivalertly, they are manifold triangle meshes
with no boundary or handles.

2.1 Edgebeaker enading

The Edgebrealer encaling proceduretransforms a given input meshinto a
string of v e synbols from the set fC,L,E,R,Sg. The symbols are in one-
to-one correspndencewith the triangles of the mesh. The order of synbols
is de ned by a depth- rst seard traversal of the mesh. Roughly speaking,
eat of the symbols encales whether certain mesh elemens adjacen to its
correspnding triangle have beendiscoreredbeforethat triangle is rst visited
during the traversal. Below we state the algorithm in full detail usingthe half-
edgerepresetation of the input mesh.

As an auxiliary data structure we usea stadk of half edgesWe alsoequip eath
of the verticesand triangles of the meshwith a binary ag indicating whether
it hasbeendiscoveredor not.

At startup, all ags are setto FALSEand the stad is initialized to hold one
arbitrarily chosenhalf edge.Then, until the stadk is empty, we pop a half-edge
h and, dependingon the state of the "discavered' ags of the triangles Tign: (),
Tert (h) and the vertex tip(h) (seeFigure 1) we output one of the synbolsin
fC,L,E,R,Sg and push one, two or none of the half-edgesright( h), left(h) on
top of the stack. The required actions are shovn in Figure 1. We then mark
the triangle T,, and all of its verticesas discovered.

For the understandingof the encaling and decaling processt is important to
seehow the structure of the undiscovered portion of the meshewlvesduring



status action

(state of ‘discovered' ags)

Tight(hy | Tief ny | tip(h) | symbol half-edges
output pushed (in order)
FALSE | FALSE | FALSE C right(h)

FALSE | FALSE | TRUE s left( h), right(h)
TRUE | FALSE | TRUE R left( h)
FALSE | TRUE | TRUE L right( h)
TRUE | TRUE | TRUE E none

tip(h)

Fig. 1. Edgebrealer encading: actions for a given status and notation for a neigh-
borhood of a half-edgeof h

encaling. It shouldbe clearthat, at ead stageof the algorithm, the union of
all discoveredtrianglesis a connectedset. Sincethe meshis a triangulation of
a 2D sphere,the complemen of that set, the undiscosered portion, is a nite
union of two dimensionaldisks. A careful inspection of the algorithm reveals
that:

- Ead time an S symbol is produced,the number of componerts of the undis-
covered portion increasesy one (more precisely an S-type triangle “splits'
its componert).

- With ead E symbol the number of sud&x componerts decreaseshy one.
Namely, a componen consistingof onetriangle disappears.

- The statemert “for eaty connectedcomponert of the undiscovered portion
thereis exactlyonehalf-edgeon its boundingloop which is alsoon the stad’
is an invariant of the encaler's main loop.

2.2 Spirale Reversidecoding

The Spirale Rewersi decaling processessenhally follows the executionpath of
the Edgebrealer encaling procedurebadkwards. It scansthe encaling string
starting from the last synbol and, for ead of the synbols read, performs
an operation on a stak of meshes.The mesheson the stack are triangula-
tions of connectedcomponerts of the undiscorered portion of the meshin
the analogousmomert of time during compression.Their order on the stadk
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Fig. 2. (Left) Changesto the meshon the stac causedby the C, L and R symbols.
(Right) The e ect of the S symbol: the meshon top of the stadk (with gate g0) is
glued to the new triangle's right edge,the next meshon the stadk (with gate gl) is
glued to its left edge,and the bottom edgebecamesthe gate of the resulting mesh
which replacesthe former two on stad.

correspndsto that of half-edgeson the stadk while encaling the mesh.The
operation assaiated with ead of the synmbols "undoes'the e ect that it has
on the undiscovered portion during compressionThe details are given below.

At startup, the stadk is empty and at termination it cortains just oneitem - the

reconstructedmeshalmostidentical to the encaled one(seebelow for details).

Ead of the mesheson the stadk has an assaiated special external (i.e. not

having an opposite) half-edge.That special half-edgewill be called its gate

Gates correspnd to the half-edgesplaced on the stadk during compression.
The gate of the nal mesh(corresmpnding to the half-edgeat which the mesh
traversalstarted during encaling) will be calledthe nal gate We will think of
it asone of two external half-edgesof the nal mesh.To restorethe encaled
mesh, one needsto make eat of them the opposite of the other. In other

words, the nal mesh can be obtained from the encaled mesh by cutting

along the edgecorrespnding to the nal gate.

Symbols C,L,R generateoperations on the meshon top of the stack and do

not causethe number of items on the stadk to change.The e ect of those
operationsis shown in Figure 2. Each of them adds a single triangle to that

meshbut they di er in how that triangle is "glued'to the meshor what edge
becomesthe gate in the new mesh. An E synbol causesa new one-triangle
meshto be pushedon the stadk. Thereforeit increaseghe number of meshes
on the stadk by one.An S synbol causeswo mesheson top of the stadk to be

popped and glued to form a larger mesh,which is then pushedon the stak

(Figure 2).



2.3 Binarization of the CLERS sequene

The CLERS sequenceproduced by Edgebrealer has to be converted into a
binary string. Seeral ways of doing that, taking advantage of the symbol fre-
guenciesor dependencieshave beenproposed.The original method suggested
in [11]is basedon the obsenation that the frequencyof C's is always equalto
50%.Thus, it is natural to usea Hu man code with 1 bit for a C and 3 bits for
any of the other 4 synbols. This leadsto encaling sizesof 2 bits per triangle.
Improvemerts of that sdhemecan be found in [10](1.83bits per triangle) and
[2] (1.78 bits per triangle).

3 Predicting C's

The e ect that a C symbol has on the decaded portion of the meshduring

decompressiomakesit possibleto predict it with probability proportional to

the regularity of the encaled mesh.It is clear from Figure 2 that a C causes
the starting vertex of the gate to becomean internal vertex of the meshon

top of the stadk. Therefore, no triangles incident to that vertex are added
later during the decaling process.Assumethat the meshedo be encaled are
expectedto have a large fraction of degree-6vertices. If this is the case,we

can attempt to predict a C basedon the number of triangles (in the already
decaled portion of the mesh) incident upon the starting point of the gate.

Namely, if the number of sud trianglesis 5, a C is likely to occur; if it is not,

we would rather expect someother symbol. This naturally leadsto the idea of

encaling the CLERS sequenceasthe LERS sequencgof length t=2, t being
the number of triangles) obtained from it by skipping all C's and a binary

hit/miss sequene of length t whoseertries indicate whether the prediction

descriked above is correct or not. Of course,the hope is that the prediction

it is correct most of the time sothat the hit/miss sequenceonsistsof mostly

1's and therefore can be greatly compressedising ertropy coding. Below we

arguethat this is indeedthe case.

During decompressionyerticesof the decaled portion of the meshare created
whenewer an L,R or E synbol is encourtered. An S operation doesnot create
any vertices:it iderti es a pair of previously createdverticesin two di erent
connectedcomponerts of the decaled portion (they becomethe tip of the
new triangle in Figure 2 (right)). A C operation only adds a new triangle,
without changing the vertex set. In what follows, we shall considervertices
of the decaded portion of the meshat certain stagesof the decaling process.
Sinceverticesare only createdand identi ed with other vertices, eat vertex
w at a certain momert of decompressiorhas a correspnding vertex wP after
the next operation is executed.We shall call w® a child of w and w a parent



of wl Notice that ead vertex can only have one child. A vertex w of the
decaled portion of the meshhas one parert unlessthe precedingoperation
was S and w is the tip of the triangle introducedby that S operation (then,
w hastwo parerts) or w was created as a result of that operation (then, it
doesnot have a parert). Descendats of a vertex w are de ned asits children,
children of children etc. Similarly, ancestorsare parerts, grandparers, great
grandpareris and soon.

A prediction attempt is basedon the number of triangles in the decaled
portion of the meshincidernt upon the starting vertex of the gate of the mesh
on top of the stad (called brie y “the gate' later on). A prediction failure can
be of two types

(A) A C symbol is predicted but a non-C symbol follows.
(B) A non-C synbol is predicted but a C symbol follows.

Sincethe nal meshis idertical to the encaled mesh M, at a particular
momert of decaling there may be seeral ancestorsof vertex v of M. We
shall call sudh verticesinstancesof v. Let us chargev with prediction failures
which happenwhenan instanceof v is the starting point of the gate. We have
the following proposition.

Prop osition 3.1 (a) Verticesof degree 6 which do not bound the nal gate
are not respnsiblefor any prediction failures.

(b) A vertex of degree di er ent from 6 can be respnsible for only one pre-
diction failure of type (B). Vertices of the nal gateare not respnsiblefor
any failure of type (B).

(c) A vertexof dggree d is respnsiblefor at most bd—Glc prediction failures of
type (A), unlessit is a vertex of the nal gate. Then, it can be respnsible
for at most bd”Tlc prediction failures of type (A).

Pro of. Let v be a vertex of the encaded mesh having degreed. After a C

operation is executedwhenan instancev of v is the starting point of the gate,
that instance becomesan internal vertex of the decaled portion of the mesh
and, therefore, no vertices are identi ed with it afterwards. This meansthat

such a C operation can only happen when the number of triangles incident

upon v is equalto d 1 andthat no other C operation can happen when an
instance of v is the starting point of the gate, which proves (b) (the second
assertionholds becausea C operation is never executedwhen an instanceof a
vertex of the nal gateis the starting vertex of the gate). It also provesthat

vertices of degree6 are not responsible for prediction failures of type (B). It

remainsto prove (c).

For a vertex w of the decaded portion of the mesh,let T(w) and A(w) be
the number of triangles in that portion incident upon w and the number of
times a prediction failure of type (A) happenedwhen an ancestorof w was



the starting vertex of the gate. S(w) is de ned asO if w is the starting point
of the gateand 1 if it is not. Let |1 (w) be 1 if w is an internal vertex of the
decaled portion of the meshand 0 otherwise. We shall prove that, for any
vertex w of the decaled portion of the meshat any stageof decompression

D(w) = T(w)+ S(w) 2I(w) 6A(w) O (1)

Notice that (c) follows from the above inequality since, at termination of
the decdaling algorithm, for all verticesv which do not bound the nal gate,
S(v) = 1 and I (v) = 1. For vertices bounding the nal gate S(v) 1 and
| (v) = 0 which yields the secondassertionof (c). Now it remainsto prove (1).

Clearly, (1) holds for any vertex right after it is created. Assumeit holds for
all verticesat a certain stageof decompressionLet w be a vertex at this stage.
We shall prove that (1) holds for w° the child of w, after the next symbol is
processed.

Case 1: w is an internal vertex relative to the decaled portion of the mesh.
Then,D(W% = D(w) O.
Case 2: w is not a starting point of the gate.

Notice that w is the only parert of we Clearly, sincethe prediction in the
analyzedstep is not madebasedon T(w), A(w) = A(w9. It is alsoclear that
| (w) = I (w9, sincethe only way to make a vertex internal is by executinga
C whenit is the starting point of the gate. SinceT (w9  T(w), S(w) = 1 and
S(w9 2 f0; 1g, the only situation in which (1) can fail is whenT (w9 = T(w)
and S(w9 = 0. This is clearly impossible:w® can becomethe starting vertex
of the gate only as a result of an operation which adds a triangle incidernt to
its parert.

Case 3: w is the starting point of the gate.

If the next operationis C, T(w9) = T(w)+ 1,S(w% = 1= S(w) + 1, (W9 =
1= 1(w)+ 1and A(w) = A(w) and thereforeD(w% = D(w) O.

Now, assumethat the next symbol is not a C and that it doesnot generatea
prediction failure of type (A). If the symbol isanL, E or R then | (w9 = I (w)
and A(wW% = A(w). ForanE, S(W% = 1= S(w)+ 1and T(w% = T(w). For an
LorR, T(w9) T(w)+ 1andSw9 S(w). This meansthat if the symbol
which follows is an L,E or R then D(W9 D(w) 0. If the next symbol
is an S, then there is another parert u of wland T(W% = T(w) + T(u) + 1,
SwW9 = 1= S(w)+ S(u), (W) =0=1(w)+I(u) and A(w%) = A(w) + A(u).
Therefore,D (w9 = D(w) + D(u) + 1.



It remainsto considerthe casewhen the next symbol generatesa prediction

failure of type (A) (note that then it can't be a C). This meansthat T(w) = 5
and A(w) = 0 (ancestorsof w must have had lessthan 5 incidert triangles and
thereforecould not have generateda prediction failure of type (A)). If the next
operationisanL or R, Tw9 = 6,S(w% 0, 1(w% = 0and A(w%) = 1 and
D(wWY O follows. If the next symbol is an E, the rst two conditions become
T(w9 = 5and S(w9) = 1 and hencealsoD (w9 0. Now considerthe last
case,in which the following symbol is an S. Let u be the parert of wldi erent

from w. Notice that T(W9) = 6+ T(u), AW9) = A(u) + 1,1 (W) = 0= I(u)

and S(w9 = 0= S(u). HenceD(w% = D(u) O.

We have the following corollary.

Corollary 3.1 The total numker of prediction missesis boundel by 1:75ngg ,
where ngg is the numker of vertices of degrees other than 6.

Pro of. Sincebd%lc bd—61c+ 1, it follows from Proposition 3.1 that the total
number of missesis boundedby

2 d 1
M = ngg + b——cng + 2;
d=7 6

whereng is the number of vertices of degreed. Sincethe sum of degreesof all
vertices of an n-vertex simple meshis equalto 6n 12,
|

*x d 1 ' b3
4 ch 0:75 ng (d 6)ng=3nz+2n,+ns 12 3n.g 12

d=7 d=7

wheren<g = nz + Ny + ns. We sum up:
|

® 1 '
4M  1:75ngg) = 4 dec 075 ng 3n.+8 O
d=7

It follows from the above corollary that, for an n-vertex mesh,the fraction
p of zerosin the hit/miss sequencecannot be larger than 0:875 , wheref =
Ngs =N = 2nge=(t + 4) 2nge =t is the fraction of the vertices of degrees
di erent from 6. If 0:87%F 05 (or f  4=7), then the entropy (see[13]) H
of the hit/miss sequencesatis es

H= plogp (1 plog(l p)
0:875 10g,(0:875) (1 0:875)log,(1 0:875):
Note that H is a corvex function of p with a maximum of 1 at p = 0.5.

Therefore, if f 4=7, H can be as high as 1. Sincethe hit/miss sequence
can be encaled using arbitrarily closeto H bits per triangle and the LERS
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Fig. 3. The encaing cost (in bits per triangle) which can be approadted by the
algorithm of Section 3 as a function of f

sequencerecall that its length equalshalf the number of triangles) can be
encaled with 1 bit per triangle by using a 2 bit code for eat of the four
symbols, the following theorem holds.

Theorem 3.1 A large enoughmeshwith t triangles can be enaded using
arbitrarily closeto

8
21 0875 l0g,(0:875) (1 0875 )logy(1 0:875) if f  4=7

>

M(f) =
2 otherwise.

bits per triangle, where f stands for the fraction of its vertices which have
degree dier ent from 6. For any > 0, enading and decoding procedures
achievingM (f) + bits per triangle enading sizesfor large enoughmeshes
can be implementel so that they run in linear time.

Linear-time implemertations of the coding and decaling procedurescan be
obtained by employing arithmetic coding to compressthe hit/miss sequence.
The decaling procedurerequiresalmost no changeexceptfor maintaining and
testing a courter of incidert triangles for ead vertex. The coding procedure
must evaluate whether the predictor hits or missesfor ead producedsymbol.
The brute force (but linear time) solution is to make the decaler a part of the
encaler and simulate the decaling processafter building the CLERS string.
This requirestwo meshtraversals.A more elegan way requiring only onepass
is to decidethe succes®f the prediction basedon the number of undiscovered
trianglesincidert to the starting point of the half-edgepopped from the stadk
in ead iteration of the encaler's main loop.

Figure 3 shows the graph of the bound on the encaling size for our sheme
as a function of the meshregularity. The graph also shows that in the limit

of regularity, the compressiorrate approades1 bit per triangle { almost40%
lessthan the information-theoretical lower bound on the performanceof any
compressiomalgorithm in the generalcase.
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3.1 Exampleand discussion

The ubiquitous 35947-ertex Stanford bunny model available from the Stan-
ford 3D ScanningRepository hasabout 75% vertices of degree6. Let us con-
sider a simple mesh having that percenage of vertices of degree6, i.e. one
with f = 0:25. Theorem 3.1 claims that our algorithm is able to encale suth
a meshusing lessthan M (f) 1:758 bits per triangle. Howewer, it holds
for su cien tly large meshesand statesthat it doesnot really guarartee M (f)
bits per triangle but hassomeoverhead which canbe madearbitrarily small.
Below we discussthe origin and magnitude of this asymptotically negligible
term.

The needfor arisesfrom the fact that e cien t implemertations of arithmetic
coding do not useexact rational arithmetics but rather perform calculations
using integer arithmetics in some xed range. Before stepping into details,
let us recall that the ‘“idealized' arithmetic coding algorithm starts with the
interval 1o = [0;1) and builds a nested sequenceof intervals basedon the
input string (in our case binary). Assumethat the fraction of O'sin the string
is p 2 [0;1]. Then, the fraction of 1'sis equalto 1 p. For the j-th symbol
of the input string, the interval I; ; is split into two intervals, open on the
right and closedon the left, with length ratio p: 1 p and either the rst

or the secondone (depending on whether the j -th symbol of the input string
is 0 or 1) is chosento be I;. Sincethere are exactly pN zercesand (1 p)N

onesin the input string, the nal interval Iy, N beingthe number of synbols,
has length I(p;N) = (p°(L  p)® PN and therefore can be encaled using
L = d log,!(p;N)e bits as the numerator of a quotient s=2- belonging to
In. Additional bits have to be usedto encale the frequenciesof synbols
(e.g. as the pair of integersN and pN), but that extra costis bounded by
3dog, Ne = o(N) bits. Howe\er, using exact arithmetic one cannot compute
the interval 1y in linear time asthe numbers usedto represem the endpoints
of I;'s grow in sizewith ead step of the algorithm. A way out of this problem
(see[6] or [18] for a discussion)is to appraximate ead of the intervals |; with

a subinterval of [0; 1] whoseendpoints are quotients with equaldenominators
being powersof 2 and numeratorsbeing B -bit integersdi ering by morethan
2% 2 This allows usto computel; from |; ; by meansof a nite number of
integer arithmetic operations on O(B)-bit unsignedintegers,but, becauseof
the necessiy of rounding the split point, the ratio of the lengthsofl;.; andl;

is slightly di erent frompor1 p (asin the idealistic variant), the di erence
being boundedby 22 B. A straightforward calculation being a special caseof
the results of [6] shows that the extra encaling cost causedby rounding can
be bounded by 22 B(B  2) + 23 B bits per triangle. This meansthat the
bound on the length of the ertire encaling is

M)+ 2> BB 2)+ 23 B + 3dog, te=t
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bits per triangle (wheret standsfor the number of triangles). Thus, for realistic
valuesof B = 16andt  10000the encaling costis boundedby M (f )+ 0:006.

4 Better results for asymptotically regular meshes

In this sectionwe shav how to improve the asymptotic compressiorratio for
large and highly regular meshesSo far we have showvn that, if the sizeof the
meshtendsto in nit y and the fraction of its verticeshaving degree6 tendsto
1, then the cost of encaling C's tendsto 0O bits per triangle. This result was
obtained using a predictor basedon the degreeof the starting vertex of the
gate. In this sectionwe will shov how to usethe degreeinformation for the
end vertex of the gate to further reducethe encaling size.

The ideais to split the encaling into three parts. The rst oneis the hit/miss
sequencealescribedin the previoussection,asymptotically requiring O bits per
triangle to encade. The secondis a binary sequencalistinguishing C,L,S from
E,R (called the CLS/ER sequencdater on). Finally, the third sequenceas a
binary string which resoles all the doubt left, i.e. allows us to tell L from
S or E from R (we shall call it LE/SR). SinceC's are half of all symbols,
the third string can be encaled using 0.5 bits per triangle. Below we descrite
an e cient way of encaling the CLS/ER string. It should be clear that, for
the decaler, the CLS/ER string and the other two sequenceslo not carry
disjoint information. The simplest reasonis that any correct prediction for
a C oblviously hasto be re ected in the CLS/ER string. Thus, an e cien't
scheme for encaling the CLS/ER sequencehas to capture and encale the
di er ence of the information provided by that sequencend the hit/miss and
LE/SR strings. In order to construct sud a sheme,we needto take a closer
look on the dependenciedbetweensymbols within the CLS/ER sequence.

4.1 Structure of the CLS/ER sequene

The CLS/ER sequencas obtained from the CLERS sequenceby replacing
eath C,L and S synbol with a "0' and eadh E and R with a "1'. To justify
distinguishingC,L,Sfrom E or R, obsenethat synmbolsin di erent groupshave
di erent e ects on the endvertex of the gate during decompressionNamely, a
C,L and Sdo not changeit while E and R move the gateaway from that vertex.
This obsenation indicatesthat eat long substring of consecutie symbols in
the CLERS sequenceonsistingof only C, L and S synbols producesa vertex
of a high degree(since all the operations correspnding to its symbols add a
triangle incidert upon the samevertex). Thus, if the input meshis su cien tly
regular, one should not expect the CLS/ER string to cortain long substring
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of consecutie zeros.Belowv we make this statemert fully precise.

By a degree exaessof a simple triangle meshwe meanthe sum of degreeof its
vertices of degreegreaterthan 6 minus six times the number of sud vertices.
Thus, for example,the degreeexcessof the meshrepreseting the boundary
of a tetrahedron is O sinceit has no vertices of degreegreater than 6. The
degreeexcesss related to regularity in the following way.

Prop osition 4.1 Any simple meshhaving degree exessof x needsto haveat
least (x + 12)=3 vertices of degree lessthan 6.

Pro of. The sumof degree=f all verticesin an n-vertex simple meshis equal
to 6n 12.Denoteby s.s and n. s the sum of degreeof verticesof degreeless
than 6 and the number of suth vertices (respectively). We have the following
equation

X+ Scg OBneg= 12

Sinceead vertex has degreeat least 3, scs  3n<s. The inequality n<g
(x + 12)=3 easilyfollows.

By a O-substringof the CLS/ER string we meana subsequencef its consec-
utiv e symbols consistingonly of zeros.A 0-substringof length strictly greater
than 2 is called long. If it is not properly cortained in a longer O-substring
then we sgy it is maximal. The weightof a maximal long 0-substringis de ned

asits length minus two.

Prop osition 4.2 The sum of weightsof all maximal long O-substringsof the
CLS/ER seuene cannot exeed the degree exassby more than 8.

Pro of. The decompressiomprocedureterminates with the stadk holding one
meshwith a gate.Let v be a vertex of the encaled meshwhich doesnot bound
that nal gate. At a particular momen during decompressiorthere may be
seeral verticesin the reconstructed parts of the meshwhich correspnd to
v. Recall that sud vertices are called instancesof v. By k, we shall denote
the number of all C,L or S operations executedwhen an instanceof v is the
end vertex of the gate of the meshon top of stadk (sud operations are called
signi cant). We shall shav that the degreeof v in the nal meshis at least
ky + 4.

Let us follow the increaseof the total number N of all triangles incident
upon all instancesof v. Just beforethe rst signi cant C,L or S operation is
executed,N is at least1 and eat sud operation increaseN by 1. Thus, just
after the last signi cant operation is performed, N ky + 1. Let v be the
endpoint of the gate at this momen. The next symbol must bean R or E. If
it isan R, N increaseshy 1 and v becomesan external vertex of the mesh
on top of stadk which doesnot bound the gate. If it is an E, v becomesa
vertex of the meshon top of the stadk asa result of someS operation executed
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later on. Notice that this makesv an external vertex which doesnot bound
the gate and increasests degreeby at leasttwo. (In gure 2, v is the end
vertex of the gate gl.) To sum up, at somemomern after all the signi cant
operations are executed,N k, + 2 and there is an instance v°® of v which
is an external vertex of the meshon top of the stack which doesnot bound
the gate. Sincev doesnot bound the nal gate,it hasto be madeinternal by
someC operation executedwhenits instanceis the starting point of the gate.
Sud a C increasesN by 1 and so doesthe precedingoperation (since v° did
not bound the gate, this operation has not been courted yet). Thus, in the
end,N Kk, + 4.

The argumern givenin the previousparagraphproves,in particular, that any
0-substring of the CLS/ER string of length k > 2 increaseghe degreeexcess
by at leastk 2 (sinceall C,L and S operationswhich induceit are signi cant
relative to the samevertex). To make the above analysis complete we have
to deal with long maximal 0-substringscorrespnding to CLS subsequences
executedwhen the gate's endpoint is one of the endpoints of the nal gate.
The total length of suc 0-substringscannotexceedhe sumof degreeof those
two vertices. Therefore their total weight is bounded by the cortribution of
the two verticesto the degreeexcesslus 8.

Sincethe length of a long maximal 0-substring of the CLS/ER sequences no
more than 3 times greater than its weight, propositions4.1 and 4.2 yield the
following corollary.

Corollary 4.1 If the numker of vertices of degree di er ent from 6 is o(t)
then sois the sum of lengthsof all long maximal 0-substringsof the CLS/ER
sguene.

4.2 Binarization of the CLS/ER string

We shall gradually simplify and remove correlations of the CLS/ER string
with the hit/miss and LE/SR sequencesln the end we shall obtain a string
with a short encaling which encapsulatesghe di erence of information carried
by the CLS/ER string and the hit/miss and LE/SR strings.

To illustrate the ideasof this section,we shall follow the stepsdescribed belov
for the CLERS string (generatedusing our Edgebrealer code)

CCCCCRRCCRCCRCCRCCRRCCRCRCCRCRCC
RCRCCRRCCRCRCRLCRCRSERCRSCRERSEE,

represeting the 64-trianglemeshobtained from the boundary of atetrahedron
by applying the 4-to-1 subdivision proceduretwice (Figure 4). The CLS/ER
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Fig. 4. The boundary of a tetrahedron after two stepsof 4-to-1 subdivision

sequencas, in that case,

0000011001001001001100101000001®11000101001a0110100aL1101.

4.2.1 LongO0-substrings

As we have already proved, the total length of all maximal long 0-substrings
of the CLS/ER sequencds | = o(t). Thus, the locations of all zeroswhich
occur in sud 0-substringscan be encaled using o(1) bits per triangle as a
separateertropy-coded binary sequenceWe shall thereforeskip all suc zeros,
obtaining the simplied CLS/ER sequene with no long zero substrings. Note
that the length of this sequencas t®=t | = (1 o(1))t and it still has
2°=1t=2 1= (1 o1))t=2 zerosin positions correspnding to positions of
C's in the CLERS sequence.

For our example CLERS string, the CLS/ER string has only one maximal
long 0-substring, the 00000pre x. Thereforethe simplied CLS/ER string is

110010010010011001010010100101MA0101001A011010011011.

4.2.2 Skipping*CC's

The decaler can deduceewery C from the already encaled part of the mesh
and the hit/miss sequenceEadch CC conbination which is not a part of a
longer CLS substring induces a 00 combination in the simplied CLS/ER
sequenceSud a combination, in turn, hasto be precededby a "1’ (it is also
followed by a "1', but it is not clear how the decaler can take advantage of it
sinceit proceedsbadkwards). All three bits are redundart, so we shall omit
them. This resultsin a binary sequencef length t%°= t° 3p having at least
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7%= 7% 2p zeroscorrespndingto C's in the CLERS sequencébut typically
having other zerosaswell), wherep is the number of omitted 3-bit substrings.

In our examplecase,after this step we are left with the string

11101010110101001010110100111110 (2

4.2.3 SkippingC's and enading the reminder as a UVW se&juene

The sequence which we are left with doesnot cortain any triple of consec-
utive zeros.Therefore, it is a concatenationof elementarystrings '1', '01'and

"001'and can be treated as a string of three symbols, U,V,W, correspnding

to those elememary strings. The sequence ° which is obtained from by

skipping zeroscorrespnding to C's in the original CLERS sequencgnotice

that the decaler can deducethe positions of sud C's using the hit/miss se-
guenceand the decaled part of the mesh)also has the sameproperty. Since
eah zeroof correspnding to a C is in a di erent maximal substring of

zeros (recall that we skipped CC's in the previous stage), the decompsi-
tion of Cinto elememary strings has at leastas many "1' and ‘01' terms as
there are C's inducing zerosin , i.e. at leastz® 2p. Thus, if u, v and w

are the numbers of U,V and W synbols in the UVW encaling of ©°then

u+v 2% 2p=1t=2 | 2p. Another usefulconstrairt on u,v and w follows
from the fact that the lengthof Cist® z®=t | 3p (t=2 | 2p)=t=2 p.

Therefore,u+ 2v+ 3w = t=2 p. Combining the two constrains yields one
which is easierto work with: u+ 3v+ 6w t=2+ |

The string obtained from (2) by skipping zeroscorrespndingto C's is
11111111101101110111011.

Its UVW form is UUUUUUUUUVUVUUVUUVU.

4.2.4 Binarization of the UVW sejuene

We shallturn the UVW sequenceénto a binary string usingarithmetic coding.
The encaling sizeis (with o(t) terms left out),

ulog,u vlog,v wlog,w+ (u+ v+ w)log,(u+ v+ w);

where u, v and w have to satisfy the constrain u + 3v + 6w t=2 + I.
Now, letting u = u=t, v = v=t and w = w=t we seethat the number of bits
per triangle required to encale the UVW sequencewhich a xed precision
arithmetic coder can approad arbitrarily closecan be obtained by solving
the following maximization problem (sincel = o(t), the objective function is
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cortinuous and we are interestedin the asymptotic behavior of the solution,
the term I=t in the constraint u+ 3v+ 6w 1=2+ |=t can be omitted).

maximize:
S(u;v;w) = (u+ v+ w)log,(u+ v+ w)

ulog,u vlog,v wlog,w 3)

subject to:
u+ 3v+ 6w 1=2

u;viw 0

Numerical exploration with Mathematica made us suspect that the solution
is closeto (u;v;w)  (0:1687170:07127980:0195739)=: (uoq; Vo; Wo), Which

yields an upper bound on the objective function in the feasibleregion of about

0:310761.This indicates that the UVW string can be compressedusing less
than 0.311bits per triangle, but is not a rigorousstatemern yet. A straightfor-

ward but arduousargumert showing that this boundindeedholdsis presered

in the Appendix.

4.3 Final result

The encdling of the CLERS sequencegroposedhere consistsof the encalings
of three sequences:

1. The hit/miss sequencejy the results of Section 3 its size approatesO
bits per triangle as the size of the encaled meshtendsto in nit y and its
fraction of degree-6verticestendsto 1.

2. The LE/SR sequencewhich can be encaled using at most 0:5 bits per
triangle (sinceit is a binary string of length t=2).

3. The CLS/ER string; by the results of Section4.2 its encaling sizecan be
madelessthan 0:311for su ciently large and regular meshes.

Thus, we have proven the following theorem.
Theorem 4.1 The compression and decompression algorithms descriled in

this section run in linear-time and achieve0.811 bits per triangle for su -
ciently large and regular meshes.
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5 Conclusion

We describked an Edgebrealer-basedlinear-time compressionscheme for the

connectivity of simple triangular mesheswhich has a provable worst-case
bound of 0.811bits per triangle for su cien tly large and regular meshesThis

is 50%lessthan anyonewill ever be ableto prove about a compressiorscheme
for the classof all triangular meshesIn [14] we discussexperimerts shaving

that a conditional ertropy coder basedon the ideasof this paper can produce
encalings between5 and 33 percern shorter than the commonly usedhigher
order entropy coder. An interesting topic for further study is to nd other

measuresof regularity which better re ect the structure of “typical' meshes
and their impact on the performanceof various compressiorschemes.
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6 App endix

Below we show that the solution of the optimization problem (3) is lessthan
0.311.

It is easyto seethat S is strictly increasingin directions parallel to any of the
u,v and w axes(since all its partial derivatives are positive). It follows that
the solution to (3) lies on the plane p givenby u+ 3v+ 6w = 1=2 (if it would
not, we could move it slightly alongoneof the axesto get a feasiblepoint with
a larger value). The Hessianof S, i.e. the matrix

2 3

@s @s @s 2 p__ 8
@2 @@ @av (v+w) uv uw

@s @s @s 5_ 1 p__ p__

ae @ e _ng - (F;J-'-W) ww DT
@S @S @S uw VW

Bov B GV uw wo (utv)
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wheres = u+ v+ wand D = diag[si; »<; p]; is nonpositive de nite for
all u;v;w > 0. HenceS is concave and therefore,in particular, the value of S
at any local maximum on p maximizesS on p. We shall prove that there is
sud local maximum very closeto the numerical solution (ug; Vo; Wo).

The plane p can be parametrizedwith v and w. This resultsin the following
formulas for the restriction of S to p (denotedby S, and treated asa function
of v and w) and its derivatives.

Sp(v;w) = (055 2v 5w)log,(0:5 2v 5w) vlog,v wlog,w
(0:5 3v 6w)log,(0:5 3v 6w)

%: 3log,(0:55 3v 6w) 2l0g,(0:55 2v 5w) log,Vv
%: 6l0g,(0:5 3v 6w) 5l00,(0:5 2v 5w) log,w
@s, _ 1 A 9 1

@2 IN2'05 2v 5w 05 3v 6w V

@Sy _ 1 25 36 1

@2 IN2'05 2v 5w 05 3v 6w w

@s, _ 1, 18,
@@v IN2'05 2v 5w 05 3v 6w

One can ched on a calculator that:

log,vo 2 [ 3:81037 3:81036]
log,wp 2 [ 5:67493 5:67492]
log,(0:5 3vg 6wp) 2[ 256733 2:56732]
l0og,(0:5 2vp 5wp) 2 [ 1:9458 1:945799]

Starting from the above and using interval arithmetic [1] one can show that
@, . . 0
@(Vo,wo) 2 [ 0:0000320:00001]

and
G . .
@ (Vo;wp) 2 [ 0:000065%0:00001]

Hencejgrad Sy(vo; Wo)j  0:0001.Similarly, the Hessianof S, multiplied by
In 2 is a symmetric matrix with ertries in the intervals shovn belov at any
point (v;w) belongingto the squareQ = [vo 0:000% vy + 0:0001] [wo

0:000% wo + 0:0001]. ) 3
-53,-51] [-69,-67
gl 11 Iz

[-69,-67][-170,-166]
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The characteristic polynomial of the above matrix isP( ) = 2+ B + C,
whereB 2 [217 223]and C 2 [37054521].1t follows that both its roots are
lessthan 15(e.g.sinceP( 15)> OandP( 100)< 0). Thus, all eigervalues
of the Hessianare to the left of 15=In2< 20. As aresult,

D2S,(v;w)x* < 20xj?
for any vector x and (v;w) 2 Q.

Making use of the above obsenations and the Taylor's Formula (seee.g.[8])
we seethat wheneer (v;w) 2 Q,

Sp(V;w)  Sp(Vo; Wo) =
= DSp(Vo;Wo)(V Vo, W Wp) + 0:5D2S,(vi;Wi)(V - Vor W Wp)?
jgradSp(vo; Wo)ii(v - Vo;w  Wo)j  10(V  Vo;w  Wp)j?

(0:0001 1G(v Vvo;w W)V Vorw  Wo)j;

where(vy; w;) belongsto the interval joining (v; w) and (vg; W) thereforealso
to Q. HenceSy(v;w)  Sy(Vo; Wp) on the circle of radiusr = 0:00001certered
at (vo; Wp) which provesthat S, hasalocal maximum at somepoint inside that
circle. Wherewer this maximum is, the monotonicity of S alongthe directions
parallel to the u;v;w coordinate axesimplies that its value is bounded by
S(0:5 3(vp r) 6wy r);Vo+ r;wg+ r) which canbe conrmed to beless
than 0:311usinga calculator. This result is clearly not optimal - better bounds
can be obtained by increasingthe accuracyof calculations. We are quite sure
that the Mathematica solution of 0:310761can be approaced much closerin
this way.
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