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Abstract

One of the most natural measuresof regularity of a triangular meshhomeomorphic
to the two-dimensional sphere is the fraction of its vertices having degree6. We
construct a linear-time connectivity compressionscheme build upon Edgebreaker
which explicitly takes advantage of regularity and prove rigorously that, for su�-
ciently large and regular meshes,it producesencodings not longer than 0:811 bits
per triangle: 50% below the information-theoretic lower bound for the classof all
meshes.Our method usespredictive techniques enabledby the Spirale Reversi de-
coding algorithm.
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1 In tro duction

Geometricdata is typically represented by meshes,often triangular. Frequently,
there is needto accesssuch data via a network connectionand, in such cases,
bandwidth tendsto becomea seriousobstacleto interactivit y. An obviousway
out of this problem is to usecompressedrepresentations.

The standard representation of a triangular meshconsistsof two parts: con-
nectivity and vertex coordinates and properties. If stored in uncompressed
form, connectivity is typically moreexpensive. In this paper we are concerned
with bit-e�cien t encodings of connectivity of triangular mesheswhich can be
produced as well as decoded in linear time. There have been two interlaced
threads of related research activit y. One attempts to build compressional-
gorithms with good compressionabilit y for triangular meshesappearing in
practice [15],[3],[12].The goal of the other is to invent algorithms which have
good worst-casecharacteristics, i.e. which guarantee encoding sizesof cer-
tain number of bits per triangle for simple (homeomorphicto the 2D sphere)
meshes.Examplesinclude [16],[9],[5],[4],[11],[10],[2].The last three references
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exemplify the recent e�orts to analyzethe algorithms invented and tested for
practical applications in terms of worst-caseperformance.Remarkably, the
bound of 1:78 bits per triangle from [2] is the best worst-casebound for a
linear compressionschemeproved so far.

The ultimate limitation of the worst-caseanalysisis the information-theoretic
lower bound on the compressionratio which follows from the enumeration
resultsof [17]: 4 � 1:5 log2 3 � 1:623bits per triangle. This is very closeto the
worst-caseboundsfor the algorithmsalreadyanalyzed(note that an O(n logn)
algorithm able to approach the information-theoretic lower bound is known
[4]) and, at the same time, much more than the experimentally measured
performanceof the state of art compressionschemes(seee.g. [15],[3]), which
usually producecompressedrepresentations with sizesof about 0.5{1 bits per
triangle. This raisesa doubt whether worst-caseanalysisin the form exercised
until now is an adequatetool for assessingconnectivity compressionalgorithms
and explaining their measuredperformanceand whether it is able to provide
correct cueshelping to improve them.

The experimental measurements mentioned above show that, in practice, the
bestconnectivity compressionalgorithmsareableto takeadvantageof regular-
it y of the input meshto bring the compressedsizemuch below the information-
theoretical lower bound. In this paper we present the �rst (up to our knowl-
edge)attempt to quantify rigorously the e�ect that regularity of a meshhason
the compressionrate. It is a well-known consequenceof Euler's formula that
the averagedegreeof a vertex in a large simple meshis closeto 6. Thus, one
can expect that a typical meshhasa lot of verticesof degree6. This is indeed
the casefor many 3D models, including the ubiquitous 35947-vertex Stanford
bunny model, in which 75:9% verticeshave degree6. This motivates treating
the fraction of degree-6vertices as a measureof regularity. We construct a
compressionschemewhich explicitly takesadvantage of regularity and prove
that, for su�cien tly largeand regularmeshes,it producesencodingsof sizenot
exceeding0:811bits per triangle: over 50%below the information-theoretical
lower boundmentioned above.An important featureof our algorithm is that it
is extremelysimpleto implement, sinceit is a combination of the Edgebreaker
compressionalgorithm [11], Spirale Reversi decompressionalgorithm [7] and
arithmetic coding [18].

Clearly, our choice of a measureof regularity is highly disputable: there are
many other notions of regularity onecan think of. Besides,our argument still
doesnot fully explain why the stateof art compressionschemesperform sowell
in experimental tests (e.g. for modelshaving 25%verticesof degreesdi�erent
from 6, about as much as in the Stanford bunny model, we can only prove
that our algorithms approach 1:75 bits per triangle, while the experiments in
[12] led to compressionrates below 1 bit per triangle). Investigation of other
regularity measureswhich better model the structure of meshesencountered
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in practiceand their impact on performanceof variouscompressionschemesis
an interesting topic for future research. We are currently working on practical
aspects of the results of this paper. It turns out (see[14]) that a conditional
entropy coder basedon our ideasperformssigni�cantly better than the com-
monly usedhigher order entropy coder. The savings depend on the regularity
of the input meshand, for the models tested in [14], rangebetween5 and 33
percent.

2 Edgebreak er and Spirale Reversi

In this sectionwe brie
y recall the principles of Edgebreaker [11] and Spirale
Reversi style of reconstructingthe encodedmeshfrom the encoding string [7].
We are going to assumethat the meshesare simple i.e. are triangulations of
the two-dimensionalsphere.Equivalently, they are manifold triangle meshes
with no boundary or handles.

2.1 Edgebreaker encoding

The Edgebreaker encoding procedure transforms a given input mesh into a
string of �v e symbols from the set f C,L,E,R,Sg. The symbols are in one-
to-one correspondencewith the triangles of the mesh.The order of symbols
is de�ned by a depth-�rst search traversal of the mesh. Roughly speaking,
each of the symbols encodes whether certain mesh elements adjacent to its
corresponding triangle have beendiscoveredbeforethat triangle is �rst visited
during the traversal.Below we state the algorithm in full detail using the half-
edgerepresentation of the input mesh.

As an auxiliary data structure we usea stack of half edges.We alsoequipeach
of the verticesand triangles of the meshwith a binary 
ag indicating whether
it hasbeendiscoveredor not.

At startup, all 
ags are set to FALSEand the stack is initialized to hold one
arbitrarily chosenhalf edge.Then, until the stack is empty, we pop a half-edge
h and, dependingon the state of the `discovered' 
ags of the trianglesTrigh t (h),
Tleft (h) and the vertex tip( h) (seeFigure 1) we output one of the symbols in
f C,L,E,R,Sg and push one, two or none of the half-edgesright( h), left(h) on
top of the stack. The required actions are shown in Figure 1. We then mark
the triangle Th and all of its verticesas discovered.

For the understandingof the encoding and decoding processit is important to
seehow the structure of the undiscovered portion of the meshevolvesduring
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status action

(state of `discovered' 
ags)

Trigh t( h ) Tleft( h ) tip (h) symbol half-edges

output pushed (in order)

FALSE FALSE FALSE C righ t( h)

FALSE FALSE TRUE S left( h), righ t( h)

TRUE FALSE TRUE R left( h)

FALSE TRUE TRUE L righ t( h)

TRUE TRUE TRUE E none

h

right(h)le
ft(

h)

tip(h)

h

right(h)
left(h)

T

TT

Fig. 1. Edgebreaker encoding: actions for a given status and notation for a neigh-
borhood of a half-edgeof h

encoding. It should be clear that, at each stageof the algorithm, the union of
all discoveredtriangles is a connectedset. Sincethe meshis a triangulation of
a 2D sphere,the complement of that set, the undiscoveredportion, is a �nite
union of two dimensionaldisks. A careful inspection of the algorithm reveals
that:

- Each time an Ssymbol is produced,the number of components of the undis-
coveredportion increasesby one(more precisely, an S-type triangle `splits'
its component).

- With each E symbol the number of such components decreasesby one.
Namely, a component consistingof one triangle disappears.

- The statement `for each connectedcomponent of the undiscovered portion
there is exactlyonehalf-edgeon its bounding loop which is alsoon the stack'
is an invariant of the encoder's main loop.

2.2 Spirale Reversi decoding

The SpiraleReversi decoding processessentially follows the executionpath of
the Edgebreaker encoding procedurebackwards. It scansthe encoding string
starting from the last symbol and, for each of the symbols read, performs
an operation on a stack of meshes.The mesheson the stack are triangula-
tions of connectedcomponents of the undiscovered portion of the mesh in
the analogousmoment of time during compression.Their order on the stack
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Fig. 2. (Left) Changesto the meshon the stack causedby the C, L and R symbols.
(Right) The e�ect of the S symbol: the meshon top of the stack (with gate g0) is
glued to the new triangle's right edge,the next meshon the stack (with gate g1) is
glued to its left edge,and the bottom edgebecamesthe gate of the resulting mesh
which replacesthe former two on stack.

corresponds to that of half-edgeson the stack while encoding the mesh.The
operation associated with each of the symbols `undoes' the e�ect that it has
on the undiscoveredportion during compression.The details are given below.

At startup, the stack is empty andat termination it contains just oneitem - the
reconstructedmeshalmost identical to the encodedone(seebelow for details).
Each of the mesheson the stack has an associated special external (i.e. not
having an opposite) half-edge.That special half-edgewill be called its gate.
Gates correspond to the half-edgesplaced on the stack during compression.
The gate of the �nal mesh(corresponding to the half-edgeat which the mesh
traversalstarted during encoding) will becalledthe �nal gate. Wewill think of
it as oneof two external half-edgesof the �nal mesh.To restorethe encoded
mesh, one needsto make each of them the opposite of the other. In other
words, the �nal mesh can be obtained from the encoded mesh by cutting
along the edgecorresponding to the �nal gate.

Symbols C,L,R generateoperations on the meshon top of the stack and do
not causethe number of items on the stack to change. The e�ect of those
operations is shown in Figure 2. Each of them adds a single triangle to that
meshbut they di�er in how that triangle is `glued' to the meshor what edge
becomesthe gate in the new mesh.An E symbol causesa new one-triangle
meshto be pushedon the stack. Thereforeit increasesthe number of meshes
on the stack by one.An S symbol causestwo mesheson top of the stack to be
popped and glued to form a larger mesh,which is then pushedon the stack
(Figure 2).
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2.3 Binarization of the CLERS sequence

The CLERS sequenceproduced by Edgebreaker has to be converted into a
binary string. Several ways of doing that, taking advantage of the symbol fre-
quenciesor dependencieshave beenproposed.The original method suggested
in [11] is basedon the observation that the frequencyof C's is always equal to
50%.Thus, it is natural to usea Hu�man codewith 1 bit for a C and 3 bits for
any of the other 4 symbols. This leadsto encoding sizesof 2 bits per triangle.
Improvements of that schemecan be found in [10] (1.83bits per triangle) and
[2] (1.78 bits per triangle).

3 Predicting C's

The e�ect that a C symbol has on the decoded portion of the meshduring
decompressionmakesit possibleto predict it with probability proportional to
the regularity of the encoded mesh.It is clear from Figure 2 that a C causes
the starting vertex of the gate to becomean internal vertex of the meshon
top of the stack. Therefore, no triangles incident to that vertex are added
later during the decoding process.Assumethat the meshesto be encoded are
expected to have a large fraction of degree-6vertices. If this is the case,we
can attempt to predict a C basedon the number of triangles (in the already
decoded portion of the mesh) incident upon the starting point of the gate.
Namely, if the number of such triangles is 5, a C is likely to occur; if it is not,
we would rather expect someother symbol. This naturally leadsto the ideaof
encoding the CLERS sequenceas the LERS sequence(of length t=2, t being
the number of triangles) obtained from it by skipping all C's and a binary
hit/miss sequence of length t whoseentries indicate whether the prediction
described above is correct or not. Of course,the hope is that the prediction
it is correct most of the time so that the hit/miss sequenceconsistsof mostly
1's and therefore can be greatly compressedusing entropy coding. Below we
arguethat this is indeedthe case.

During decompression,verticesof the decodedportion of the mesharecreated
whenever an L,R or E symbol is encountered. An S operation doesnot create
any vertices: it identi�es a pair of previously createdvertices in two di�erent
connectedcomponents of the decoded portion (they becomethe tip of the
new triangle in Figure 2 (right)). A C operation only adds a new triangle,
without changing the vertex set. In what follows, we shall considervertices
of the decoded portion of the meshat certain stagesof the decoding process.
Sinceverticesare only createdand identi�ed with other vertices,each vertex
w at a certain moment of decompressionhas a corresponding vertex w0 after
the next operation is executed.We shall call w0 a child of w and w a parent
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of w0. Notice that each vertex can only have one child. A vertex w of the
decoded portion of the meshhas one parent unlessthe precedingoperation
was S and w is the tip of the triangle introducedby that S operation (then,
w has two parents) or w was created as a result of that operation (then, it
doesnot have a parent). Descendants of a vertex w are de�ned asits children,
children of children etc. Similarly, ancestorsare parents, grandparents, great
grandparents and so on.

A prediction attempt is based on the number of triangles in the decoded
portion of the meshincident upon the starting vertex of the gate of the mesh
on top of the stack (called brie
y `the gate' later on). A prediction failure can
be of two types

(A) A C symbol is predicted but a non-C symbol follows.
(B) A non-C symbol is predicted but a C symbol follows.

Since the �nal mesh is identical to the encoded mesh M , at a particular
moment of decoding there may be several ancestorsof vertex v of M . We
shall call such verticesinstancesof v. Let us chargev with prediction failures
which happen whenan instanceof v is the starting point of the gate.We have
the following proposition.

Prop osition 3.1 (a) Vertices of degree 6 which do not bound the �nal gate
are not responsiblefor any prediction failures.

(b) A vertex of degree di�er ent from 6 can be responsible for only one pre-
diction failure of type (B). Vertices of the �nal gateare not responsiblefor
any failure of type (B).

(c) A vertexof degree d is responsiblefor at most bd� 1
6 c prediction failuresof

type (A), unlessit is a vertex of the �nal gate. Then, it can be responsible
for at most bd+1

6 c prediction failuresof type (A).

Pro of. Let v be a vertex of the encoded mesh having degreed. After a C
operation is executedwhenan instance�v of v is the starting point of the gate,
that instancebecomesan internal vertex of the decoded portion of the mesh
and, therefore,no vertices are identi�ed with it afterwards. This meansthat
such a C operation can only happen when the number of triangles incident
upon �v is equal to d � 1 and that no other C operation can happen when an
instance of v is the starting point of the gate, which proves (b) (the second
assertionholdsbecausea C operation is never executedwhenan instanceof a
vertex of the �nal gate is the starting vertex of the gate). It also provesthat
vertices of degree6 are not responsible for prediction failures of type (B). It
remainsto prove (c).

For a vertex w of the decoded portion of the mesh, let T(w) and A(w) be
the number of triangles in that portion incident upon w and the number of
times a prediction failure of type (A) happenedwhen an ancestorof w was
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the starting vertex of the gate. S(w) is de�ned as 0 if w is the starting point
of the gate and 1 if it is not. Let I (w) be 1 if w is an internal vertex of the
decoded portion of the mesh and 0 otherwise. We shall prove that, for any
vertex w of the decoded portion of the meshat any stageof decompression

D(w) := T(w) + S(w) � 2I (w) � 6A(w) � 0: (1)

Notice that (c) follows from the above inequality since, at termination of
the decoding algorithm, for all vertices v which do not bound the �nal gate,
S(v) = 1 and I (v) = 1. For vertices bounding the �nal gate S(v) � 1 and
I (v) = 0 which yields the secondassertionof (c). Now it remainsto prove (1).

Clearly, (1) holds for any vertex right after it is created.Assumeit holds for
all verticesat a certain stageof decompression.Let w bea vertex at this stage.
We shall prove that (1) holds for w0, the child of w, after the next symbol is
processed.

Case 1: w is an internal vertex relative to the decoded portion of the mesh.

Then, D(w0) = D(w) � 0.

Case 2: w is not a starting point of the gate.

Notice that w is the only parent of w0. Clearly, since the prediction in the
analyzedstep is not madebasedon T(w), A(w) = A(w0). It is alsoclear that
I (w) = I (w0), sincethe only way to make a vertex internal is by executinga
C whenit is the starting point of the gate.SinceT(w0) � T(w), S(w) = 1 and
S(w0) 2 f 0; 1g, the only situation in which (1) can fail is when T(w0) = T(w)
and S(w0) = 0. This is clearly impossible:w0 can becomethe starting vertex
of the gate only as a result of an operation which adds a triangle incident to
its parent.

Case 3: w is the starting point of the gate.

If the next operation is C, T(w0) = T(w) + 1, S(w0) = 1 = S(w) + 1, I (w0) =
1 = I (w) + 1 and A(w0) = A(w) and thereforeD(w0) = D(w) � 0.

Now, assumethat the next symbol is not a C and that it doesnot generatea
prediction failure of type (A). If the symbol is an L, E or R then I (w0) = I (w)
and A(w0) = A(w). For an E, S(w0) = 1 = S(w) + 1 and T(w0) = T(w). For an
L or R, T(w0) � T(w) + 1 and S(w0) � S(w). This meansthat if the symbol
which follows is an L,E or R then D(w0) � D(w) � 0. If the next symbol
is an S, then there is another parent u of w0 and T(w0) = T(w) + T(u) + 1,
S(w0) = 1 = S(w) + S(u), I (w0) = 0 = I (w) + I (u) and A(w0) = A(w) + A(u).
Therefore,D(w0) = D(w) + D(u) + 1.
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It remainsto considerthe casewhen the next symbol generatesa prediction
failure of type (A) (note that then it can't be a C). This meansthat T(w) = 5
and A(w) = 0 (ancestorsof w must have had lessthan 5 incident trianglesand
thereforecouldnot have generateda prediction failure of type (A)). If the next
operation is an L or R, T(w0) = 6, S(w0) � 0, I (w0) = 0 and A(w0) = 1 and
D(w0) � 0 follows. If the next symbol is an E, the �rst two conditions become
T(w0) = 5 and S(w0) = 1 and hencealso D(w0) � 0. Now considerthe last
case,in which the following symbol is an S. Let u be the parent of w0 di�erent
from w. Notice that T(w0) = 6 + T(u), A(w0) = A(u) + 1, I (w0) = 0 = I (u)
and S(w0) = 0 = S(u). HenceD(w0) = D(u) � 0. �

We have the following corollary.

Corollary 3.1 The total number of prediction missesis bounded by 1:75n6=6 ,
where n6=6 is the number of vertices of degreesother than 6.

Pro of. Sincebd+1
6 c � bd� 1

6 c+ 1, it follows from Proposition 3.1 that the total
number of missesis boundedby

M := n6=6 +
1X

d=7

b
d � 1

6
cnd + 2;

wherend is the number of verticesof degreed. Sincethe sum of degreesof all
verticesof an n-vertex simple meshis equal to 6n � 12,

1X

d=7

4

 

b
d � 1

6
c � 0:75

!

nd �
1X

d=7

(d � 6)nd = 3n3 + 2n4 + n5 � 12 � 3n< 6 � 12;

wheren< 6 = n3 + n4 + n5. We sum up:

4(M � 1:75n6=6 ) =
1X

d=7

4

 

b
d � 1

6
c � 0:75

!

nd � 3n< 6 + 8 � 0: �

It follows from the above corollary that, for an n-vertex mesh, the fraction
p of zerosin the hit/miss sequencecannot be larger than 0:875f , where f =
n6=6 =n = 2n6=6 =(t + 4) � 2n6=6 =t is the fraction of the vertices of degrees
di�erent from 6. If 0:875f � 0:5 (or f � 4=7), then the entropy (see[13]) H
of the hit/miss sequencesatis�es

H = � plog2 p � (1 � p) log2(1 � p) �

� � 0:875f log2(0:875f ) � (1 � 0:875f ) log2(1 � 0:875f ):

Note that H is a convex function of p with a maximum of 1 at p = 0:5.
Therefore, if f � 4=7, H can be as high as 1. Since the hit/miss sequence
can be encoded using arbitrarily closeto H bits per triangle and the LERS
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Fig. 3. The encoding cost (in bits per triangle) which can be approached by the
algorithm of Section 3 as a function of f

sequence(recall that its length equalshalf the number of triangles) can be
encoded with 1 bit per triangle by using a 2 bit code for each of the four
symbols, the following theorem holds.

Theorem 3.1 A large enoughmesh with t triangles can be encoded using
arbitrarily closeto

M (f ) :=

8
><

>:

1 � 0:875f log2(0:875f ) � (1 � 0:875f ) log2(1 � 0:875f ) if f � 4=7

2 otherwise.

bits per triangle, where f stands for the fraction of its vertices which have
degree di�er ent from 6. For any � > 0, encoding and decoding procedures
achievingM (f ) + � bits per triangle encoding sizesfor large enoughmeshes
can be implemented so that they run in linear time.

Linear-time implementations of the coding and decoding procedurescan be
obtained by employing arithmetic coding to compressthe hit/miss sequence.
The decoding procedurerequiresalmost no changeexceptfor maintaining and
testing a counter of incident triangles for each vertex. The coding procedure
must evaluate whether the predictor hits or missesfor each producedsymbol.
The brute force(but linear time) solution is to make the decoder a part of the
encoder and simulate the decoding processafter building the CLERS string.
This requirestwo meshtraversals.A moreelegant way requiring only onepass
is to decidethe successof the prediction basedon the number of undiscovered
triangles incident to the starting point of the half-edgepopped from the stack
in each iteration of the encoder's main loop.

Figure 3 shows the graph of the bound on the encoding size for our scheme
as a function of the meshregularity. The graph also shows that in the limit
of regularity, the compressionrate approaches1 bit per triangle { almost 40%
lessthan the information-theoretical lower bound on the performanceof any
compressionalgorithm in the generalcase.
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3.1 Exampleand discussion

The ubiquitous 35947-vertex Stanford bunny model available from the Stan-
ford 3D ScanningRepository hasabout 75%verticesof degree6. Let us con-
sider a simple mesh having that percentage of vertices of degree6, i.e. one
with f = 0:25. Theorem3.1 claims that our algorithm is able to encode such
a mesh using less than M (f ) � 1:758 bits per triangle. However, it holds
for su�cien tly largemeshesand statesthat it doesnot really guarantee M (f )
bits per triangle but hassomeoverhead� which canbe madearbitrarily small.
Below we discussthe origin and magnitude of this asymptotically negligible
term.

The needfor � arisesfrom the fact that e�cien t implementations of arithmetic
coding do not useexact rational arithmetics but rather perform calculations
using integer arithmetics in some�xed range. Before stepping into details,
let us recall that the `idealized' arithmetic coding algorithm starts with the
interval I 0 = [0; 1) and builds a nested sequenceof intervals basedon the
input string (in our case,binary). Assumethat the fraction of 0's in the string
is p 2 [0; 1]. Then, the fraction of 1's is equal to 1 � p. For the j -th symbol
of the input string, the interval I j � 1 is split into two intervals, open on the
right and closedon the left, with length ratio p : 1 � p and either the �rst
or the secondone(depending on whether the j -th symbol of the input string
is 0 or 1) is chosento be I j . Sincethere are exactly pN zeroesand (1 � p)N
onesin the input string, the �nal interval I N , N being the number of symbols,
has length l(p;N ) = (pp(1 � p)(1� p))N and therefore can be encoded using
L = d� log2 l (p;N )e bits as the numerator of a quotient s=2L belonging to
I N . Additional bits have to be used to encode the frequenciesof symbols
(e.g. as the pair of integersN and pN), but that extra cost is bounded by
3dlog2 N e = o(N ) bits. However, using exact arithmetic one cannot compute
the interval I N in linear time as the numbers usedto represent the endpoints
of I j 's grow in sizewith each step of the algorithm. A way out of this problem
(see[6] or [18] for a discussion)is to approximate each of the intervals I j with
a subinterval of [0; 1] whoseendpoints are quotients with equaldenominators
being powersof 2 and numeratorsbeing B-bit integersdi�ering by more than
2B � 2. This allows us to compute I j from I j � 1 by meansof a �nite number of
integer arithmetic operations on O(B)-bit unsignedintegers,but, becauseof
the necessity of rounding the split point, the ratio of the lengthsof I j +1 and I j

is slightly di�erent from p or 1 � p (as in the idealistic variant), the di�erence
being boundedby 22� B . A straightforward calculation being a special caseof
the results of [6] shows that the extra encoding cost causedby rounding can
be bounded by 22� B (B � 2) + 23� B bits per triangle. This meansthat the
bound on the length of the entire encoding is

M (f ) + 22� B (B � 2) + 23� B + 3dlog2 te=t
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bits per triangle (wheret standsfor the number of triangles). Thus, for realistic
valuesof B = 16and t � 10000,the encoding costis boundedby M (f )+ 0:006.

4 Better results for asymptotically regular meshes

In this sectionwe show how to improve the asymptotic compressionratio for
large and highly regular meshes.So far we have shown that, if the sizeof the
meshtends to in�nit y and the fraction of its verticeshaving degree6 tends to
1, then the cost of encoding C's tends to 0 bits per triangle. This result was
obtained using a predictor basedon the degreeof the starting vertex of the
gate. In this section we will show how to use the degreeinformation for the
end vertex of the gate to further reducethe encoding size.

The idea is to split the encoding into three parts. The �rst oneis the hit/miss
sequencedescribed in the previoussection,asymptotically requiring 0 bits per
triangle to encode. The secondis a binary sequencedistinguishing C,L,S from
E,R (called the CLS/ER sequencelater on). Finally, the third sequenceis a
binary string which resolves all the doubt left, i.e. allows us to tell L from
S or E from R (we shall call it LE/SR). Since C's are half of all symbols,
the third string can be encoded using 0.5 bits per triangle. Below we describe
an e�cien t way of encoding the CLS/ER string. It should be clear that, for
the decoder, the CLS/ER string and the other two sequencesdo not carry
disjoint information. The simplest reasonis that any correct prediction for
a C obviously has to be re
ected in the CLS/ER string. Thus, an e�cien t
scheme for encoding the CLS/ER sequencehas to capture and encode the
di�er ence of the information provided by that sequenceand the hit/miss and
LE/SR strings. In order to construct such a scheme,we needto take a closer
look on the dependenciesbetweensymbols within the CLS/ER sequence.

4.1 Structure of the CLS/ER sequence

The CLS/ER sequenceis obtained from the CLERS sequenceby replacing
each C,L and S symbol with a `0' and each E and R with a `1'. To justify
distinguishingC,L,S from E or R, observethat symbols in di�erent groupshave
di�erent e�ects on the endvertex of the gateduring decompression.Namely, a
C,L and Sdo not changeit while E andR movethe gateaway from that vertex.
This observation indicates that each long substring of consecutive symbols in
the CLERS sequenceconsistingof only C, L and S symbols producesa vertex
of a high degree(sinceall the operations corresponding to its symbols add a
triangle incident upon the samevertex). Thus, if the input meshis su�cien tly
regular, one should not expect the CLS/ER string to contain long substring
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of consecutive zeros.Below we make this statement fully precise.

By a degree excessof a simple triangle meshwe meanthe sumof degreesof its
verticesof degreegreater than 6 minus six times the number of such vertices.
Thus, for example,the degreeexcessof the meshrepresenting the boundary
of a tetrahedron is 0 since it has no vertices of degreegreater than 6. The
degreeexcessis related to regularity in the following way.

Prop osition 4.1 Any simplemeshhavingdegree excessof x needs to haveat
least (x + 12)=3 vertices of degree lessthan 6.

Pro of. The sumof degreesof all verticesin an n-vertex simplemeshis equal
to 6n � 12.Denoteby s< 6 and n< 6 the sumof degreesof verticesof degreeless
than 6 and the number of such vertices(respectively). We have the following
equation

x + s< 6 � 6n< 6 = � 12:

Sinceeach vertex has degreeat least 3, s< 6 � 3n< 6. The inequality n< 6 �
(x + 12)=3 easily follows. �

By a 0-substringof the CLS/ER string we meana subsequenceof its consec-
utive symbols consistingonly of zeros.A 0-substringof length strictly greater
than 2 is called long. If it is not properly contained in a longer 0-substring
then we say it is maximal. The weightof a maximal long 0-substringis de�ned
as its length minus two.

Prop osition 4.2 The sum of weightsof all maximal long 0-substringsof the
CLS/ER sequence cannot exceed the degree excessby more than 8.

Pro of. The decompressionprocedureterminates with the stack holding one
meshwith a gate.Let v bea vertex of the encodedmeshwhich doesnot bound
that �nal gate. At a particular moment during decompressionthere may be
several vertices in the reconstructedparts of the meshwhich correspond to
v. Recall that such vertices are called instancesof v. By kv we shall denote
the number of all C,L or S operations executedwhen an instanceof v is the
end vertex of the gate of the meshon top of stack (such operationsare called
signi�c ant). We shall show that the degreeof v in the �nal mesh is at least
kv + 4.

Let us follow the increaseof the total number N of all triangles incident
upon all instancesof v. Just beforethe �rst signi�cant C,L or S operation is
executed,N is at least1 and each such operation increasesN by 1. Thus, just
after the last signi�cant operation is performed, N � kv + 1. Let v� be the
endpoint of the gate at this moment. The next symbol must be an R or E. If
it is an R, N increasesby 1 and v� becomesan external vertex of the mesh
on top of stack which does not bound the gate. If it is an E, v� becomesa
vertex of the meshon top of the stack asa result of someSoperation executed
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later on. Notice that this makesv� an external vertex which doesnot bound
the gate and increasesits degreeby at least two. (In �gure 2, v� is the end
vertex of the gate g1.) To sum up, at somemoment after all the signi�cant
operations are executed,N � kv + 2 and there is an instancev0

� of v which
is an external vertex of the meshon top of the stack which doesnot bound
the gate. Sincev doesnot bound the �nal gate, it has to be madeinternal by
someC operation executedwhen its instanceis the starting point of the gate.
Such a C increasesN by 1 and so doesthe precedingoperation (sincev0

� did
not bound the gate, this operation has not beencounted yet). Thus, in the
end, N � kv + 4.

The argument given in the previousparagraphproves,in particular, that any
0-substringof the CLS/ER string of length k > 2 increasesthe degreeexcess
by at least k � 2 (sinceall C,L and S operationswhich induceit aresigni�cant
relative to the samevertex). To make the above analysis complete we have
to deal with long maximal 0-substringscorresponding to CLS subsequences
executedwhen the gate's endpoint is one of the endpoints of the �nal gate.
The total length of such 0-substringscannotexceedthe sumof degreesof those
two vertices. Therefore their total weight is bounded by the contribution of
the two verticesto the degreeexcessplus 8. �

Sincethe length of a long maximal 0-substringof the CLS/ER sequenceis no
more than 3 times greater than its weight, propositions 4.1 and 4.2 yield the
following corollary.

Corollary 4.1 If the number of vertices of degree di�er ent from 6 is o(t)
then so is the sum of lengthsof all long maximal 0-substringsof the CLS/ER
sequence.

4.2 Binarization of the CLS/ER string

We shall gradually simplify and remove correlations of the CLS/ER string
with the hit/miss and LE/SR sequences.In the end we shall obtain a string
with a short encoding which encapsulatesthe di�erence of information carried
by the CLS/ER string and the hit/miss and LE/SR strings.

To illustrate the ideasof this section,we shall follow the stepsdescribed below
for the CLERS string (generatedusing our Edgebreaker code)

CCCCCRRCCRCCRCCRCCRRCCRCRCCRCRCC
RCRCCRRCCRCRCRLCRCRSERCRSCRERSEE,

representing the 64-trianglemeshobtainedfrom the boundaryof a tetrahedron
by applying the 4-to-1 subdivision proceduretwice (Figure 4). The CLS/ER
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Fig. 4. The boundary of a tetrahedron after two stepsof 4-to-1 subdivision

sequenceis, in that case,

0000011001001001001100101001010010100110010101001010110100111011.

4.2.1 Long 0-substrings

As we have already proved, the total length of all maximal long 0-substrings
of the CLS/ER sequenceis l = o(t). Thus, the locations of all zeroswhich
occur in such 0-substringscan be encoded using o(1) bits per triangle as a
separateentropy-codedbinary sequence.Weshall thereforeskip all such zeros,
obtaining the simpli�e d CLS/ER sequence with no long zerosubstrings.Note
that the length of this sequenceis t0 = t � l = (1 � o(1))t and it still has
z0 = t=2 � l = (1 � o(1))t=2 zerosin positions corresponding to positions of
C's in the CLERS sequence.

For our example CLERS string, the CLS/ER string has only one maximal
long 0-substring, the 00000pre�x. Thereforethe simpli�ed CLS/ER string is

11001001001001100101001010010100110010101001010110100111011.

4.2.2 Skipping*CC's

The decoder can deduceevery C from the already encoded part of the mesh
and the hit/miss sequence.Each CC combination which is not a part of a
longer CLS substring induces a 00 combination in the simpli�ed CLS/ER
sequence.Such a combination, in turn, has to be precededby a `1' (it is also
followed by a `1', but it is not clear how the decoder can take advantage of it
since it proceedsbackwards). All three bits are redundant, so we shall omit
them. This results in a binary sequenceof length t00= t0 � 3p having at least
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z00= z0� 2p zeroscorresponding to C's in the CLERS sequence(but typically
having other zerosaswell), wherep is the number of omitted 3-bit substrings.

In our examplecase,after this step we are left with the string

11101010110101001010110100111011: (2)

4.2.3 SkippingC's and encoding the reminder as a UVW sequence

The sequence� which we are left with doesnot contain any triple of consec-
utive zeros.Therefore,it is a concatenationof elementarystrings `1', `01' and
`001' and can be treated as a string of three symbols, U,V,W, corresponding
to those elementary strings. The sequence� 0 which is obtained from � by
skipping zeroscorresponding to C's in the original CLERS sequence(notice
that the decoder can deducethe positions of such C's using the hit/miss se-
quenceand the decoded part of the mesh)also has the sameproperty. Since
each zero of � corresponding to a C is in a di�erent maximal substring of
zeros (recall that we skipped CC's in the previous stage), the decomposi-
tion of � 0 into elementary strings has at least as many `1' and `01' terms as
there are C's inducing zerosin � , i.e. at least z0 � 2p. Thus, if u, v and w
are the numbers of U,V and W symbols in the UVW encoding of � 0 then
u + v � z0� 2p = t=2� l � 2p. Another usefulconstraint on u,v and w follows
from the fact that the length of � 0 is t00� z00= t � l � 3p� (t=2� l � 2p) = t=2� p.
Therefore,u + 2v + 3w = t=2 � p. Combining the two constraints yields one
which is easierto work with: u + 3v + 6w � t=2 + l

The string obtained from (2) by skipping zeroscorresponding to C's is

11111111101101110111011.

Its UVW form is UUUUUUUUUVUVUUVUUVU.

4.2.4 Binarization of the UVW sequence

We shall turn the UVW sequenceinto a binary string usingarithmetic coding.
The encoding sizeis (with o(t) terms left out),

� u log2 u � v log2 v � w log2 w + (u + v + w) log2(u + v + w);

where u, v and w have to satisfy the constraint u + 3v + 6w � t=2 + l.
Now, letting �u = u=t, �v = v=t and �w = w=t we seethat the number of bits
per triangle required to encode the UVW sequencewhich a �xed precision
arithmetic coder can approach arbitrarily closecan be obtained by solving
the following maximization problem (since l = o(t), the objective function is
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continuous and we are interested in the asymptotic behavior of the solution,
the term l=t in the constraint �u + 3�v + 6 �w � 1=2 + l=t can be omitted).

maximize:

S( �u; �v; �w) = ( �u + �v + �w) log2( �u + �v + �w)�

�u log2 �u � �v log2 �v � �w log2 �w

subject to:

�u + 3�v + 6 �w � 1=2

�u; �v; �w � 0

(3)

Numerical exploration with Mathematica made us suspect that the solution
is closeto ( �u; �v; �w) � (0:168717; 0:0712798; 0:0195739)=: ( �u0; �v0; �w0), which
yieldsan upper bound on the objective function in the feasibleregionof about
0:310761.This indicates that the UVW string can be compressedusing less
than 0.311bits per triangle, but is not a rigorousstatement yet. A straightfor-
ward but arduousargument showing that this bound indeedholdsis presented
in the Appendix.

4.3 Final result

The encoding of the CLERS sequenceproposedhereconsistsof the encodings
of three sequences:

1. The hit/miss sequence;by the results of Section 3 its size approaches 0
bits per triangle as the sizeof the encoded meshtends to in�nit y and its
fraction of degree-6verticestends to 1.

2. The LE/SR sequence,which can be encoded using at most 0:5 bits per
triangle (since it is a binary string of length t=2).

3. The CLS/ER string; by the results of Section4.2 its encoding sizecan be
madelessthan 0:311 for su�cien tly large and regular meshes.

Thus, we have proven the following theorem.

Theorem 4.1 The compression and decompression algorithms described in
this section run in linear-time and achieve0.811 bits per triangle for su�-
ciently largeand regular meshes.
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5 Conclusion

We described an Edgebreaker-basedlinear-time compressionscheme for the
connectivity of simple triangular mesheswhich has a provable worst-case
bound of 0.811bits per triangle for su�cien tly largeand regular meshes.This
is 50%lessthan anyonewill ever be able to prove about a compressionscheme
for the classof all triangular meshes.In [14] we discussexperiments showing
that a conditional entropy coder basedon the ideasof this paper can produce
encodings between5 and 33 percent shorter than the commonly usedhigher
order entropy coder. An interesting topic for further study is to �nd other
measuresof regularity which better re
ect the structure of `typical' meshes
and their impact on the performanceof various compressionschemes.
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6 App endix

Below we show that the solution of the optimization problem (3) is lessthan
0.311.

It is easyto seethat S is strictly increasingin directions parallel to any of the
�u,�v and �w axes(since all its partial derivatives are positive). It follows that
the solution to (3) lies on the plane p given by �u + 3�v + 6 �w = 1=2 (if it would
not, we could move it slightly alongoneof the axesto get a feasiblepoint with
a larger value). The Hessianof S, i.e. the matrix
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where �s = �u + �v + �w and D = diag[ 1p
�u�s

; 1p
�v�s

; 1p
�w�s

]; is nonpositive de�nite for
all �u; �v; �w > 0. HenceS is concave and therefore,in particular, the value of S
at any local maximum on p maximizesS on p. We shall prove that there is
such local maximum very closeto the numerical solution ( �u0; �v0; �w0).

The plane p can be parametrizedwith �v and �w. This results in the following
formulas for the restriction of S to p (denotedby Sp and treated asa function
of �v and �w) and its derivatives.

Sp( �v; �w) = (0:5 � 2�v � 5 �w) log2(0:5 � 2�v � 5 �w) � �v log2 �v � �w log2 �w �
(0:5 � 3�v � 6 �w) log2(0:5 � 3�v � 6 �w)
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= 3log2(0:5 � 3�v � 6 �w) � 2 log2(0:5 � 2�v � 5 �w) � log2 �v

@Sp

@�w
= 6log2(0:5 � 3�v � 6 �w) � 5 log2(0:5 � 2�v � 5 �w) � log2 �w

@2Sp

@�v2
=

1
ln 2

(
4

0:5 � 2�v � 5 �w
�

9
0:5 � 3�v � 6 �w

�
1
�v

)

@2Sp

@�w2
=

1
ln 2

(
25

0:5 � 2�v � 5 �w
�

36
0:5 � 3�v � 6 �w

�
1
�w

)

@2Sp

@�v@�w
=

1
ln 2

(
10

0:5 � 2�v � 5 �w
�

18
0:5 � 3�v � 6 �w

)

One can check on a calculator that:

log2 �v0 2 [� 3:81037; � 3:81036];
log2 �w0 2 [� 5:67493; � 5:67492];

log2(0:5 � 3�v0 � 6 �w0) 2 [� 2:56733; � 2:56732];
log2(0:5 � 2�v0 � 5 �w0) 2 [� 1:9458; � 1:945799];

Starting from the above and using interval arithmetic [1] onecan show that

@Sp

@�v
(�v0; �w0) 2 [� 0:000032; 0:00001]

and
@Sp

@�w
(�v0; �w0) 2 [� 0:000065; 0:00001]:

Hencejgrad Sp( �v0; �w0)j � 0:0001.Similarly, the Hessianof Sp multiplied by
ln 2 is a symmetric matrix with entries in the intervals shown below at any
point (�v; �w) belonging to the squareQ = [�v0 � 0:0001; �v0 + 0:0001]� [ �w0 �
0:0001; �w0 + 0:0001].
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The characteristic polynomial of the above matrix is P(� ) = � 2 + B� + C,
where B 2 [217; 223] and C 2 [3705; 4521].It follows that both its roots are
lessthan � 15 (e.g.sinceP(� 15) > 0 and P(� 100)< 0). Thus, all eigenvalues
of the Hessianare to the left of � 15=ln 2 < � 20. As a result,

D 2Sp( �v; �w)x2 < � 20jxj2

for any vector x and (�v; �w) 2 Q.

Making useof the above observations and the Taylor's Formula (seee.g.[8])
we seethat whenever (�v; �w) 2 Q,

Sp( �v; �w) � Sp( �v0; �w0) =

= DSp( �v0; �w0)( �v � �v0; �w � �w0) + 0:5D 2Sp( �v1; �w1)( �v � �v0; �w � �w0)2

� jgradSp( �v0; �w0)jj ( �v � �v0; �w � �w0)j � 10j(�v � �v0; �w � �w0)j2

� (0:0001� 10j(�v � �v0; �w � �w0)j)j( �v � �v0; �w � �w0)j;

where(�v1; �w1) belongsto the interval joining (�v; �w) and (�v0; �w0) thereforealso
to Q. HenceSp( �v; �w) � Sp( �v0; �w0) on the circle of radius r = 0:00001centered
at (�v0; �w0) which provesthat Sp hasa local maximum at somepoint insidethat
circle. Wherever this maximum is, the monotonicity of S along the directions
parallel to the �u; �v; �w coordinate axes implies that its value is bounded by
S(0:5� 3(�v0 � r ) � 6( �w0 � r ); �v0 + r; �w0 + r ) which can be con�rmed to be less
than 0:311usinga calculator.This result is clearly not optimal - better bounds
can be obtained by increasingthe accuracyof calculations.We are quite sure
that the Mathematica solution of 0:310761can be approached much closerin
this way.

21


