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Abstract
The late tail of the breakthrough curve (BTC) of a conservative tracer in a regional-scale alluvial system is

explored using Monte Carlo simulations. The ensemble numerical BTC, for an instantaneous point source injected
into the mobile domain, has a heavy late tail transforming from power law to exponential due to a maximum
thickness of clayey material. Haggerty et al.’s (2000) multiple-rate mass transfer (MRMT) method is used to pre-
dict the numerical late-time BTCs for solutes in the mobile phase. We use a simple analysis of the thicknesses of
fine-grained units noted in boring logs to construct the memory function that describes the slow decline of con-
centrations at very late time. The good fit between the predictions and the numerical results indicates that the
late-time BTC can be approximated by a summation of a small number of exponential functions, and its shape
depends primarily on the thicknesses and the associated volume fractions of immobile water in ‘‘blocks’’ of fine-
grained material. The prediction of the late-time BTC using the MRMT method relies on an estimate of the
average advective residence time, tad. The predictions are not sensitive to estimation errors in tad, which can be
approximated by L=�v, where �v is the arithmetic mean ground water velocity and L is the transport distance. This is
the first example of deriving an analytical MRMT model from measured hydrofacies properties to predict the late-
time BTC. The parsimonious model directly and quantitatively relates the observable subsurface heterogeneity to
nonlocal transport parameters.

Introduction
The dispersion of conservative solutes in natural

porous media is often observed to be ‘‘anomalous,’’ which
typically denotes non-Gaussian plume shapes and/or non-
Fickian growth rates. Either phenomenon may lead to
earlier and later arrival of solute at a control plane (i.e.,
the breakthrough curves [BTCs]) than those predicted
for a homogeneous medium. Recent discussions of anom-
alous laboratory scale and measured BTCs are given by
Benson et al. (2001), Levy and Berkowitz (2003), Bromly
and Hinz (2004), and Klise et al. (2004), among many

others. Anomalous dispersion can be attributed to the
long-range dependence (Dagan 1989) and high variance
(Fogg 2004) of the permeability field. Because these two
conditions are intrinsic characteristics of typical alluvial
systems, a number of detailed studies of anomalous dis-
persion have been conducted in alluvial aquifers. Gener-
ally speaking, the networks of ancient stream channels can
form preferential flow paths and cause early arrivals in
BTCs, while the surrounding fine-grained aquitard materi-
als sequester the solutes and result in late tails in BTCs
(Fogg et al. 2000; LaBolle and Fogg 2001).

Although transport coefficients have been shown
numerically to be time-dependent in alluvial systems by
LaBolle and Fogg (2001), the quantitative analyses of
tailing behaviors of BTCs in regional-scale alluvial sys-
tems are still needed, especially for practical problems
involving a long timescale (decades to centuries) and
a large space scale (hundreds to thousands of meters),
such as ground water age dating (Weissmann et al. 2002),
vulnerability assessment of regional aquifers (Fogg et al.
1998a), and evaluation of aquifer remediation by pump-
and-treat techniques (LaBolle and Fogg 2001). Two methods
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have evolved to simulate the anomalous transport in
highly heterogeneous porous media, using either numeri-
cal or analytical approaches.

Numerical methods directly simulate aquifer/aqui-
tard structures that might be encountered by a plume.
The transport times depend on the architecture of the
modeled subsurface heterogeneity, which is commonly
built according to various statistical models of observed
heterogeneity. In this case, one typically uses the Monte
Carlo method to consider a range of equally probable
realizations of the heterogeneity. Thus, the numerical
approach requires the generations of many models and
the repeated computation of water flow and solute trans-
port within these models. Despite its computational in-
tensity, the Monte Carlo simulation can be the only
applicable tool in capturing solute transport for cases
where the available, detailed subsurface heterogeneity is
critical to solute transport and cannot be characterized by
any analytical or empirical model. Analytical techniques
have been developed to overcome the computational bur-
dens of the numerical approach, but a simple method of
developing and parameterizing these equations in a pre-
dictive mode (in the absence of tracer tests and/or the
Monte Carlo simulations) is lacking.

Several closely related analytical methods have
been developed to simulate anomalous dispersion in por-
ous media, especially to capture the heavy tails. Benson
et al. (2000) and Schumer et al. (2003) have applied the
analytical solutions of nonlocal, fractional-order advec-
tion-dispersion equations (fADE) to predict or fit the
skewed and power law early- and/or late-time tails in
BTCs. The orders of fractional derivatives characterize
the local properties of heterogeneous media. Dentz et al.
(2004) have extended the continuous time random walk
(CTRW) to reproduce late-time BTCs by assigning
a transition density to individual particle motions. The
transition densities are due to subsurface heterogeneity,
which is analogous to the fADE method. Because they
also attempt to capture the transition of later tails from
power law to exponential, the transition times used in
the CTRW are more general but require additional fitting
parameters. These methods have been applied to fitting
the BTCs measured in field or laboratory experiments,
in most cases in an empirical manner with limited
knowledge of the heterogeneity of the porous medium.
The predictive capability of these methods is limited by
the unclear quantitative relationship between subsurface
heterogeneity and main fitting parameters, which is one
of the motivations of this study. Another method pro-
posed by Haggerty and Gorelick (1995) and Haggerty
et al. (2000) attempts to capture the later tail of BTCs in
mobile domains by accounting for multiple rates of mass
transfer between mobile and relatively immobile water.
This method has been used for idealized geometries of
immobile water, or by fitting BTCs, but it has not been
tested in a predictive mode by examining a realistic, com-
plicated hydraulic conductivity (K) distribution. Wang et al.
(2005) extended the multiple-rate mass transfer (MRMT)
approach of Haggerty et al. (2000) to more general, tran-
sient flow fields. They also emphasized the need of tests
of the method under realistic field conditions.

The purposes of this study are to (1) explore the tail-
ing behaviors of BTCs for anomalous transport in de-
tailed representations of regional-scale alluvial aquifers;
(2) develop applicable analytical or empirical methods to
predict the BTCs given the knowledge of heterogeneities;
and (3) explore the influences of geological properties on
BTC tails. Based on these analyses, the predictability of
the BTC tails can be evaluated systematically, which is
important for real world predictions.

The rest of the article is organized as follows. First,
the Monte Carlo method is used to simulate flow and
transport of conservative tracers through an alluvial sys-
tem based on the data from the Lawrence Livermore
National Laboratory (LLNL) site. The numerical BTCs
are used as the ‘‘real’’ data for the following prediction
and fitting. Second, we extend Haggerty et al.’s (2000)
MRMT method to predict the late-time BTC of solutes in
the mobile domain, based on the measured thicknesses of
low-K zones. To our knowledge, this is the first study that
attempts to systematically parameterize an analytical
MRMT model from measured hydrofacies properties
(thicknesses and volume fractions from boring logs) in
order to predict the late-time BTCs. Third, the character-
istics of the simulated and predicted BTC are discussed in
the context of the measured subsurface heterogeneity.
Finally, in supplementary material (available as part of
the on-line article at http://www.blackwell-synergy.com),
we develop a multichannel transport solution based on the
distribution of high-K materials to fit/predict the early tail
of the BTCs. We also discuss the special difficulties asso-
ciated with these predictions.

Monte Carlo Calculation of Breakthrough
The transition probability geostatistical approach of

Carle and Fogg (1996, 1997) is used to model the spatial
variability of aquifer and aquitard units. Their method is
based on facies concepts and reduces the reliance on
empirical curve fitting of hydraulic conductivity autocor-
relation functions. Readily observable geologic attributes
in alluvial settings, including volumetric proportions,
mean facies length (e.g., thickness and width), and juxta-
positional tendencies (e.g., fining upward or fining down-
ward), can be incorporated directly into development of
a three-dimensional transition probability/Markov chain
model. The Markov chain model, in turn, is used in a co-
kriging procedure during conditional sequential indicator
simulation and simulated quenching to generate ‘‘realiza-
tions’’ of subsurface facies distribution. The mathematical
details are given by Carle and Fogg (1996, 1997), and
the simulation steps are given by Carle and Fogg (1998).
Several interesting applications of this approach are
given by Carle et al. (1998). Note that the transition prob-
ability/Markov chain model is calculated by the matrix
exponential:

Tðh/Þ ¼ expðR/h/Þ ð1Þ

where T denotes a matrix of interfacies transition prob-
abilities, h/ is a separation vector along direction /, and
R is a matrix of transition rates. An eigenvalue analysis
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showed that the Markov chain model for each entry in
T(h/) consists of a linear combination of exponential
structures (Weissmann et al. 1999), some of which may
have complex rate coefficients indicating cyclicity. Thus,
the Markov chain potentially may model structures with
nonexponentially decaying autocorrelation (Carle and
Fogg 1997).

Four hydrofacies, debris flow, floodplain, levee, and
channel (Table 1), were identified from detailed inter-
pretations of 5500 m of core taken from an alluvial sys-
tem at the LLNL site (also see LaBolle and Fogg 2001).
The LLNL aquifer system is dominated by fine-grained
sediments. The geologic details and the Markov chain
model building procedures were discussed by Carle
(1996). This Markov chain model has been applied to
regional-scale transport models by Fogg et al. (1998) and
LaBolle and Fogg (2001). LaBolle et al. (2006) used
a similar approach to analyze 3H/3He fractionation by dif-
fusion and the effect on ground water age dating. In the
present study, we made two modifications to this model.
First, we did not use any of the original conditioning data
when generating the facies model because we wanted to
capture the full range of possible spatial variability. Sec-
ond, we set up a high-K zone within each heterogeneity
model by assigning ‘‘hard’’ conditioning data consisting
of a cluster of high-K channel facies in the source area.
This high-K source area is retained in every aquifer reali-
zation and is used as the injection location of con-
taminants in solute transport modeling. This is done to
emphasize the influence of aquifer/aquitard interaction as
a plume travels, rather than the influence of the injection
facies. To obtain ensemble results, we generated a set of
100 equally probable realizations (one example is shown
in Figure 1). Each finite-difference block is 53 103 0.5 m
in the depositional strike (x-axis), depositional dip (y-axis),
and vertical (z-axis) directions. The overall dimensions of
the simulated region are 405 3 970 3 40.5 m in each
direction, with approximately 640,000 cells in the model
domain. The same grid and domain sizes were used in the
ground water flow and solute transport simulations
described immediately.

The steady-state head and discharge vectors were
calculated using MODFLOW (Harbaugh and McDonald
1996). Each cell was given one of four hydraulic conduc-
tivity values based on the four simulated hydrofacies
determined by the geostatistical realization. The value of
each K is equal to the measured average K for each facies.

General head boundary conditions were used in the mod-
eling to simulate inflow and outflow through the two lat-
eral boundaries of the model to minimize the boundary
effects on solute transport. Hydraulic head values were
defined for the two lateral boundaries using a general gra-
dient of 0.004 parallel to the stratigraphic dip direction
(y-axis in Figures 1 and 2). The other boundaries are
specified as no-flow conditions (Figure 2).

Solute transport is assumed to follow the classical
advection-dispersion equation at the small (local) scale.
Transport simulations employed a random walk particle
tracking (RWPT) method, described by LaBolle et al.
(1996, 1998, 2000, 2006) and LaBolle (2006). Particles
follow analytical streamlines for the advective portion of
each motion, and we use an isotropic and constant local-
scale dispersivity of 0.01 m and an effective molecular
diffusivity of 5.2 3 1025 m2/d, which are the same values
used by LaBolle and Fogg (2001) in a similar study. The
small longitudinal dispersivity was used because previous
simulations showed that solute migration is sensitive to
the transverse dispersivity, but insensitive to the longitu-
dinal dispersivity, due to the dominant effects of geologic
variability as represented in the geostatistical simulations
(LaBolle and Fogg 2001). The isotropic dispersivity also
optimizes performance of the RWPT algorithm (LaBolle
and Fogg 2001; Weissmann et al. 2002). In each Monte
Carlo realization, 1,000,000 particles were released at
a point at x ¼ 202.5 m, y ¼ 855.0 m, and z ¼ 19.1 m to
simulate an instantaneous point source. The injection
point is located in the middle of the high-K conditioning
cluster (Figure 2). Connectivity analysis (Fogg et al.
2000) indicates that the high-K cluster is always spatially

Table 1
Hydrofacies Properties, Including Hydrofacies Conductivity (m/d), Mean Length (m),

and Volumetric Proportion

Hydrofacies

Direction and Mean Length

Strike (m) Dip (m) Vertical (m) Proportion (%) K (m/d)

Debris flow 8 24 1.1 7 0.432
Floodplain 27 67 2.1 56 0.0000432
Levee 6 20 0.8 19 0.173
Channel 10 50 1.3 18 5.184

Figure 1. A three-dimensional view of the heterogeneous
model for Monte Carlo realization 1.
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interconnected and fully percolates in the three coordinate
directions. Velocity analysis (shown later) demonstrates
that the solute transport in the high-K cluster is advection
dominated; thus, the source is always placed in a rela-
tively mobile phase within 5 3 10 3 2.5 m (the x 3 y 3 z
size of the high-K cluster) around the injection point. The
total modeling time is 10,000 years, with a 1-year interval
of output. The control plane extends through the entire
domain perpendicular to the main flow direction
(Figure 2), and in the following analyses, we use L [L] to
denote the distance between the point source and the con-
trol plane. The simulated BTCs were used as real data to
test the predictions using the analytical methods
described in the next section.

The Analytical MRMT Method to Predict the
Late Tail of BTCs

The linear, multiple-rate solute transport equation
can be written as follows (Haggerty and Gorelick 1995):

@Cm

@t
1

Xn
j¼1

bj
@Cim; j

@t
¼ SðCmÞ ð2Þ

where Cm and Cim,j [ML23] represent the solute concen-
trations in the mobile zone and the jth immobile zone,
respectively, bj [dimensionless] is the capacity coefficient
and is the ratio of contaminant mass in the jth immobile
zone to the total mass in the mobile zone at equilibrium,
and S() is the linear operator in space representing the
advection, dispersion, and fluid sources/sinks in the
mobile domain. This equation assumes that (1) the conta-
mination is initially placed in the mobile phase (Schumer
et al. 2003; Wang et al. 2005) and (2) the porosity does
not change with space. Chemical sorption is not modeled
in this study. Also, note that the classification of immo-
bile zone capacity coefficients in this study depends on
the volumes of ‘‘blocks’’ of material with relatively
immobile ground water. The rate of mass transfer
between Cm and each Cim, j can be described by a first-
order rate mass transfer model:

@Cim;j

@t
¼ ajðCm 2 Cim;jÞ ð3Þ

which has a solution of exponential decay, at rate aj
[T21], of Cim,j for some spike of concentration that is
placed in an immobile phase surrounded by clean mobile
water.

The summation term in the left-hand side of Equa-
tion 2 denotes the change of concentration in immobile
zones due to the divergence of advective and dispersive
flux of a mobile phase, and it can be expressed as a con-
volution of the form (Haggerty et al. 2000; Schumer et al.
2003):

Xn
j¼1

bj
@Cim;j

@t
¼ gðtÞ � @Cm

@t
ð4Þ

where the symbol * denotes convolution, and g(t) [T21]
is a ‘‘memory function’’ defined (subsequently) by the
proportion of immobile porosity represented by each rate
coefficient. By placing Equation 4 into Equation 2, the
mobile solute concentration can often be solved when g(t)
is known. An approximation of the mobile zone break-
through at some distance L that is valid for large time is
given by Haggerty et al. (2000):

CmðL; tlateÞ’tad

�
C0g 2 m0

@g

@tlate

�
ð5Þ

where tad [T] is the average advective residence time of
conservative solute in porous media, C0 [ML23] is the
initial concentration in the mobile phase, and m0

[MTL23] is the zeroth temporal moment of the BTC. For
Equation 5 to be valid, the observation time tlate must be
much larger than the sum of the mean advection time
across the control plane L and the standard deviation of
that advection time (Haggerty et al. 2000). The memory
function is a weighted sum of the exponential decay from
individual immobile zones (Haggerty et al. 2000):

gðtÞ¼
Z N

0

abðaÞexpð2atÞda¼
Xn
j¼1

bjajexpð2ajtÞ ð6Þ

where bðaÞ ¼
P

bjdða 2 ajÞ is a density function of first-
order rate coefficients [T]. After inserting Equation 6 into
Equation 5, we get the mobile solute concentration at
later time after a pulse injection into the mobile zone with
zero initial concentration:

CmðL; tlateÞ’ tadm0

Xn
j¼1

bja
2
j expð2ajtlateÞ ð7Þ

Thus, the mobile solute BTC at a control plane at
later time is largely dictated by the sum of diffusion times
out of all immobile domains between the point of injec-
tion and the control plane (see also the discussion in
Haggerty et al. 2000).

We will apply Equation 7 to predicting the real resi-
dent concentration of the mobile solute at the later time
simulated by the Monte Carlo method. To do this, we first

Figure 2. Schematic of flow system. GHB denotes the gen-
eral head boundary. NFB denotes the no-flow boundary. L
denotes the distance between the point source and the con-
trol plane. The main direction of flow is in the depositional
dip direction.
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need to define the parameters aj and bj in Equation 7. The
aj and bj were defined to characterize the jth class of
immobile zone. Exact expressions for the multirate series
of a and b have been proposed and tested by Haggerty
and Gorelick (1995) and Haggerty et al. (2000) for vari-
ous idealized immobile zone geometries, including
spheres, cylinders, and layers. Although their series can-
not be used directly in this study due to the irregular geo-
metry and the mixed scales of real world immobile zones,
the general principles can be followed here. Haggerty
and Gorelick (1995) defined aj to be proportional to
D*/R2, where R [L] is the distance from the center to the
edge of the immobile zone. Here, we approximate each
rate aj by the inverse of the mean residence time of a parti-
cle, which is primarily controlled by the shortest dimen-
sion of an immobile block, taken here to be the vertical
thickness:

aj ¼ D�=Z2
j ð8Þ

where Zj [L] is the thickness of the jth class (defined sub-
sequently) of fine-grained sediment. In this study, the
immobile block is defined as a cluster composed of flood-
plain facies in the uniform hydrofacies model. This defi-
nition is consistent with the conclusion of LaBolle and
Fogg (2001), who find that the diffusion tends to domi-
nate transport in low-permeability floodplain deposits in
a similar hydrofacies model. Flow models discussed pre-
viously also show that the simulated velocities within
floodplains are significantly small (with an upper limit
around 1 3 1025 m/d).

The capacity coefficient should be proportional to
the ratio of contaminant mass in the immobile zone to the
total mass in the mobile zone at equilibrium:

bj ¼
ðRimÞjðhimÞj

Rmhm
ð9Þ

where (Rim)j and Rm [dimensionless] are the retardation
factors for the immobile zones and the mobile zone,
respectively. Here, the porosities refer to the ratio of the
volume of water in each phase to the total volume of the
porous media. In this study, only conservative solutes
were considered, and the porosity within each phase is
assumed to be constant. Therefore, the porosities in Equa-
tion 9 can be converted to the volume fractions of any
phase in the aquifer. This simplified bj, which is pro-
portional to the volume fraction of the immobile block,
was then used:

bj ¼ fjbtot ¼
ðVimÞj
Vim

btot ð10Þ

where fj ¼ (Vim)j/Vim [dimensionless] denotes the volume
fraction (relative to the volume of the immobile facies) of
the jth immobile zone, and (Vim)j and Vim [L3] are the vol-
umes of each class of immobile zone and the total immo-
bile facies, respectively. Any number of classification
schemes could be used to divide the fine-grained units.
Here, we define 28 classes up to 14 m thick, in 1/2 m in-
tervals (Figure 3), so that Zj in Equation 8 varies from 0.5
to 14 m with j from 1 to 28. The immobile zones are

classified by their thicknesses because the immobile
blocks with the same thickness have roughly the same
mass transfer rate, and the capacity coefficient bj can be
regarded as the weighting function assigned to each asso-
ciated rate coefficient aj (Haggerty and Gorelick 1995).
The sum of bj is not 1, but btot, although in this study,
btot ¼ Vim/Vm ’ 1. This definition is different from Wang
et al. (2005), in which

P
bj ¼ 1. Note that the parameters

for the memory function may be estimated by looking at
the geometrical characteristics of the diffusion-limited
(low-K) zones. In particular, we use information that may
come from the boring logs because the thicknesses of
individual fine-grained units define both the volume
proportions and effective rate coefficients. The only
unknown parameter in the BTC prediction (Equation 7) is
the mean advection time tad. We address this after the
next section.

The numerical BTC and the analytical MRMT model
developed in this study are limited to conservative trac-
ers. For a reactive tracer with a linear sorption or
first-order decay (such as radioactive decay, first-order
biodegradation, or hydrolysis), the formula (Equation 7)
with simple modification of transport parameters (as
shown by Equation 1 and Equation 6 in Haggerty et al.
[2000]) or linear decay of mass may still be used to
approximate the late-time BTC. Variable retardation and/
or porosity in different fine-grained facies can also be
easily incorporated into the calculation of bj in Equation 9.
For complex reactions, however, the chemical action term
should be added into the governing Equation 1 and then
transferred into the late-time concentration approximation
(Equation 7). A nonconservative tracer is beyond the
scope of this study, and we leave it for a future study.

Numerical Results
The ensemble BTC from the Monte Carlo simula-

tions are characterized by three primary features:

1. Due to the exponential decay of the transition probabili-

ties, the pdfs of the simulated immobile zone thicknesses

are approximately exponential, with a greater number of

Figure 3. Volume fractions of immobile blocks based on
their thicknesses: the simulated vs. the measured results
from the drillers’ logs. The dashed line denotes the best-fit
power law trend, with a slope of 22.3.
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thin blocks than thick ones (Figure 3). A similar trend is

observed in the drillers’ logs, although there is more noise

in the measured pdf (small rectangles in Figure 3) and

higher probability of thicker aquitard layers. The similar-

ity of the simulated and measured pdfs indicates that the

aquifer realizations capture most of the statistical proper-

ties of the observed heterogeneity (i.e., thickness of

clayey materials). Most important, it implies the possi-

bility of predicting the late-time solute transport directly

from the measured heterogeneity without the burden of

explicitly modeling the aquifer heterogeneity, ground

water flow, and solute transport.

2. The ensemble numerical BTCs are positively skewed with

a steep, Gaussian-like early tail and a heavy late tail

(Figure 4). The late-time tail transforms gradually from

power law to exponential at approximately 1000 years. In

our simulations, the slope of the log-log power law late-

time BTC of Cm is always around 22, no matter how dis-

tant the control plane is (Figure 4). However, the length

of the power law section in BTCs decreases when the

control plane distance increases.

3. At later time, the immobile solute BTCs are very close to

the total solute BTCs (not shown here), while the mobile

solute BTCs have a power law slope 1 steeper than the

immobile and total solute BTCs. This differential slope is

expected (Schumer et al. 2003) when the memory func-

tion has a power law tail.

In all 100 realizations, the velocity at the source cell
is 3.6 3 1022 6 1.7 31022 m/d, which is advection
dominated. Also, note that 100 Monte Carlo simulations
required 120 h using SGI Altix 3000 superclusters, with
18 1.3 Ghz Itanium2 CPUs and 72 gigabytes RAM
(http://www.aces.dri.edu:8888/sgi-altix.jsp). The same
simulations would require months on a personal computer
with single CPU. This computational burden motivates
our search for simple analytical predictions of ensemble
BTC, based on simple measures of the random thick-
nesses of the relatively mobile and immobile hydrofacies.

Late Tails of BTCs
Because we use a control plane at distance L to con-

struct the BTC, we have the ability to calculate several
different concentrations at any time. First, we can count
the number of random walkers (particles) in the very near
vicinity of the plane, regardless of the facies containing
the particles. This is denoted CR,total, the total resident
concentration. We can also distinguish between the
mobile facies and immobile facies particles, and we are
particularly interested in the mobile resident concentra-
tion, denoted CR,m. We can further distinguish between
particles that have crossed the plane irrevocably, as
opposed to particles that have diffused back across the
plane, primarily from molecular diffusion but also from
the Brownian motion approximation of macrodispersion.
Particles that move irrevocably across the plane are coun-
ted as the flux, rather than the resident, concentration.
The flux concentration may also be present in mobile or
immobile facies. The distinction between resident and

Figure 4. The simulated (symbols) vs. the fitted (lines) flux-
and resident concentration–based BTCs in the mobile phase
(denoted as CR,m and CF,m, respectively) for a control plane
located at (A) L ¼ 20 m, (B) L ¼ 100 m , (C) L ¼ 200 m, and
(D) L ¼ 400 m. The dark line denotes the fitted CR,m using
the MRMT formula (Equation 7), and the light line denotes
the CF,m transformed from CR,m using the transformation
(Equation 13).
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flux concentration is very important, because the two
may differ by orders of magnitude, and different field
measurement methods will tend toward one or another.
For example, a lightly purged monitoring well will mea-
sure the resident concentration (also primarily the
mobile phase), while a production well measures a flux
concentration, because solute particles are removed from
the well and cannot move back into the formation.
Excellent discussions of the relationship between flux
and resident concentrations for classical dispersion are
given by Kreft and Zuber (1978) and Toride et al.
(1995). Zhang et al. (2006) extended these analyses to
some anomalous cases.

Prediction of Late Tails
As discussed previously, the only unknown parame-

ter in the BTC late tail prediction (Equation 7) is the
mean advection time tad. In a typical alluvial aquifer sys-
tem, the mean velocity of solutes may be closer to the
arithmetic mean velocity (denoted as �v) than other, smaller,
mean velocities (such as the geometric or harmonic
mean), due to the preferential transport of solutes within
paths composed of interconnected high-K materials.
Solutes also may move much faster than the upscaled
(average) pore water velocity in a heterogeneous porous
medium, especially when the medium is dominated by
low-K sediments. The upscaling of velocity is actually
a process of assigning unevenly distributed water fluxes
evenly along a cross section perpendicular to the main
flow direction. The solutes, however, usually move pre-
ferentially along sparse but spatially interconnected
channels in alluvial systems. Therefore, as a first approxi-
mation, the largest mean (arithmetic) of the thickness-
weighted average K values can be used to estimate �v
and tad.

To test this hypothesis, we estimated tad by calculat-
ing �t ¼ L=�v based on the simulated distributions of hy-
drofacies. Using this value of �t, along with the memory
function g(t) built by Equation 6, the prediction is
remarkably close to the real BTC (Figure 5B). Another
estimated velocity, the ‘‘peak velocity’’ denoting the local
water velocity (which can be measured in the field) at the
injection point, is also tested here (Figure 5A). Although
the a priori estimated tad based on this velocity is about
three times smaller than �t, the analytical model still pro-
vides a reasonable prediction of late-time BTC (Figure 5B).
This is because the general trend of the BTCs is not sensi-
tive to the exact value of tad. Even when the estimation
error is 1 order of magnitude higher or lower than the
best-fit one (discussed subsequently), the predicted late-
time BTC can still capture the general behavior of the real
late tail of the ensemble BTC.

In the field, we can estimate the upper and lower lim-
its of tad. Wells in the source area, if present in high-K
material, can be used as the upper limit of tracer veloci-
ties (see the peak velocity in Figure 5A). Fluxes at down-
stream monitoring wells can be calculated too, and the
average flux can be used as the approximate value of �v. If
one also measures the distribution of the thicknesses of
the low-K material, then the MRMT method provides
a good predictive model of the late-time BTC.

The fitted mean advective residence time, tad, in-
creases with the increase of distance and asymptotically
reaches the time corresponding to �v, the arithmetic mean
of ground water velocities in the whole model domain
(Figure 5A), supporting the use of the simple analytical

Figure 5. (A) The velocity corresponding to the best-fit
advective residence time (circles) and some related velocities.
‘‘Peak velocity’’ denotes the local water velocity at the injec-
tion point and ‘‘arithmetic mean velocity’’ denotes the veloc-
ity corresponding to the arithmetic mean of conductivity. (B)
The predicted late tails of BTCs using the estimations of tad
for a control plane located at L ¼ 100 m on a log-log plot.
The 21 year is the (best) predicted tad based on the arithmetic
mean of conductivities. The 8.2 year represents a prediction
based on the peak velocity shown in (A). The 1.8 year and
180 year represents an estimation error as high as 1 order of
magnitude of the best-fit tad. (C) The best-fit late tail of resi-
dent concentration–based BTC in the mobile phase by the
MRMT method for a control plane located at L ¼ 100 m. In
the legends, a1 ~ a28 represents the breakthrough associated
with each thickness class. The thickness for each aj is j/2 m.
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model. If the control plane distance, L, is more than
approximately four times longer than the mean length of
the channels, then a quick approximation of the mean
advection time is tad ¼ �t ¼ L=�v.

Influence of Immobile Zone Thicknesses on Late Tails
The best-fit BTCs using the MRMT method match

the numerical late-time BTCs of solutes in mobile
domain extremely well (Figure 5C). The analytical mod-
els capture the transition time of the BTC from power law
to exponential, if one is allowed to empirically fit the
advection time tad. The immobile blocks with different
thicknesses and volume proportions (i.e., pdfs) have dif-
ferent contributions to the ensemble average of BTCs
(Figure 5C).

The thicknesses and the associated volume fraction
density of immobile blocks control the slope and the tran-
sition period of the late-time BTCs. Equation 7 and the
fitting results (Figure 5C) indicate that solute concen-
trations can be very closely approximated by a summa-
tion of exponential functions, i.e., exp(2aj tlate), with
specific weights. The exponential functions themselves
depend on the size (thickness) of immobile blocks, and
the specific weight of each function depends on the prob-
ability (or in the case of a single or real world realization)
volume fraction of layers of a certain thickness.

When tracers originating from mobile zones diffuse
into a thin immobile layer, they can exit and diffuse back
into the mobile zones relatively quickly. Then these trac-
ers may reach the control plane relatively early and form
the early part of late-time BTCs. On the contrary, it takes
much longer for the tracers to hit the control plane if they
enter a much thicker immobile zone. The thick immobile
blocks dominate the latest section of the BTCs, especially
the period that the tail transfers gradually from power law
to exponential. Note that as shown in Figure 5C, the
exponential part of late tail is not due to the single, thick-
est immobile block but a mixture of several thickest
immobile blocks. The lateral boundaries of the numerical
model reflected particles back into the domain, simulat-
ing an infinite, mirrored system. An alternative model
might be one where these boundaries are thick aquitards
or porous bedrock so that mass diffuses into and out of
these structures. Very often, in numerical studies, these
boundaries are aquitards with large vertical extent, so
the boundaries may greatly influence the latest BTC. In
fact, the transition from power law to exponential is
guaranteed by the finite numerical domain size. Thus,
a typical field site may have an effectively (with respect
to the duration of interest) infinite reservoir into which
solute may be sequestered, so that the power law always
persists.

The volume fractions of immobile blocks classified
by thickness control the slope of the power law late-time
BTCs. As mentioned previously, we get exponential pdfs
of immobile block thickness and the associated volume
fraction by using an exponential form Markov chain tran-
sition probability, although the exponential form transi-
tion probability is reported to potentially generate
nonexponential-looking structures. The constant slope of
power law late tails is the result of the summation of

exponential functions with an exponential pdf. However,
the slopes of log-log BTCs observed in field and labora-
tory tests are not limited to 22. A reliable method,
whether Monte Carlo or analytical, should be able to cap-
ture a wide range of slopes. To address this, we further
tested the MRMT method by assuming different pdfs of
volume fractions of immobile blocks classified by thick-
ness. It is difficult to accurately judge the functional form
of the pdf of immobile block volumes, especially for the
largest blocks. However, a power law pdf of immobile
block volumes is possible in some systems (and could be
used for the histogram in Figure 3), so we explore the
BTC that would result. If the immobile block volume
fraction for larger blocks is a power law function of its
thickness, i.e., fj}Z

2m
j , then the late-time BTCs contain

a power law tail of the form (see appendix in supplemen-
tary material):

CmðL; tlateÞ}tð2m23Þ=2
late ð11Þ

for tlate,,Z2
n=D

� where Zn is the size of the largest class
(for example, in this study, we have tlate,,Z2

n=D
�’104

year). Thus, the summation of exponential functions with
power law weights is itself a power law function for
the time t,,Z2

n=D
�. The (power law part) late tail slope

CR,m calculated by the MRMT method should not be lim-
ited to22.

Becker and Shapiro (2003) observe a slope of 22 in
their tests in fractured granite and explain it by the pres-
ence of a multitude of slow advection channels. In the
present case, however, our low-K zones are clearly diffu-
sion dominated, with K ¼ 4.32 3 1025 m/d (Table 1), so
we conclude that the slope is coincidental.

Special caution is needed when using the MRMT
method for some cases. For example, when the immobile
blocks have variable thickness but a constant volume
fraction pdf (e.g., m ¼ 0 in Equation 11), then the mobile
power law BTC has a slope of 23/2. When immobile
blocks are infinite, the 23/2 slope will last forever. When
the immobile blocks have similar thickness and the thick-
ness is small enough, then the late tail of BTC for solutes
in all domains remains exponential (i.e., the solution
reverts to the single-rate mobile/immobile equation, see
Toride et al. [1995]).

We envision two further studies concerning the fea-
tures of late-time BTCs that would be valuable. First,
using different power law forms of transition probability,
we could generate hydrofacies models with power law
distributed thicknesses (and the associated volume frac-
tions) to investigate the veracity of the analytical Equa-
tion 11. Second, the alluvial system in this study is
dominated by fine-grained material. It would be instruc-
tive to explore the BTCs in a coarse-grain dominated sys-
tem (e.g., Weissmann et al. 2002).

We note here that the MRMT method has been
shown to be functionally equivalent to the CTRW method
(Dentz and Berkowitz 2003; Schumer et al. 2003). How-
ever, all parameters required by the MRMT method have
obvious geologic meanings, and thus, they are easily cal-
culated, fitted, or even predicted, given the knowledge of
subsurface heterogeneity.
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Predictability of the Ensemble Average vs.
Individual Realizations

Two control planes were selected to illustrate the var-
iability between realizations and the predictability of the
ensemble average BTC with the transport distance. The
first plane is 20 m from the source (Figure 6A). The sec-
ond is 600 m from the source, almost 10 times larger than
the mean length of all hydrofacies (Figure 6B).

The predictability of the ensemble average BTC at
later time becomes better with an increase of transport
distance (Figure 6). Poor predictability at short distances
might be due to the local spatial variations of hydrofacies
between realizations. The hydrofacies distributions gener-
ated by stationary transition probabilities can be non-
stationary at a small scale close to the mean length of
hydrofacies. The nonstationarity results in variations of
thickness(es) for the thickest immobile block(s) among
realizations. The late-time BTC, therefore, may transform
from power law to exponential at different periods among
realizations (Figure 6A). The nonstationary distributions
also let different realizations have a different thickness of
the thickest channel(s). The slope of early tail and the
peak of BTC, therefore, vary among realizations. On the
contrary, a relatively good predictability at long distances
is due to the stationary distributions of hydrofacies at

a scale much larger than the mean length of hydrofacies
(Figure 6B).

We did further tests to check whether a single reali-
zation with nonpoint source could be used to assess the
ensemble BTC without the computational burden. Reali-
zation 5 with a point source produces a BTC significantly
different from the ensemble BTC, compared to the other
four realizations shown in Figure 6. Hence, we selected
realization 5 as an example to check whether it can assess
the ensemble BTC. Ten million particles (containing the
same mass) were released on the upstream plane, and the
number of particles within each cell in this plane was
scaled by the cell’s flux. The particles were almost all
in high-permeable cells representing the mobile phase
because the flux through floodplain cell is significantly
small compared to the flux in mobile cells. The resultant
BTC is similar to the ensemble one (Figure 7), although
the BTC from a single realization has a larger mean
advective travel time. Therefore, a single realization with
nonpoint source may assess the main behavior of ensem-
ble BTC. The larger mean advective time is probably due
to the lack of the conditioning high-K cluster for the cells
located in the upstream plane. Further simulations with
more realizations are needed to validate the previous
conclusion.

Figure 6. The ensemble average of the solute BTCs (dash-
ed line) vs. the BTCs of single Monte Carlo realizations
(solid lines) for a control plane located at (A) L ¼ 20 m and
(B) L ¼ 600 m, for realizations 1 ~ 5 (denoted as R1~R5 in
the legend).

Figure 7. The simulated BTC of realization 5 using the sin-
gle point source (solid gray line) or the multiple source (solid
dark line) vs. the ensemble average of BTC (dashed line), for
the control planes located at (A) L ¼ 20 and (B) L ¼ 100 m,
respectively. The symbols represent the best-fit concen-
trations using the MRMT approach (with different mean
advective travel times).
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Transformation between the Late-time Flux and
Resident Concentrations

The concentration described by Equation 7 is the res-
ident concentration in the mobile phase. In applications
where the detection/injection mode(s) is different, the dis-
tinction between the resident vs. flux concentrations is
necessary (cf. Kim and Feyen 2000). Furthermore, the
determination of risk-based cleanup levels might be most
interested in the mobile flux concentration, which could
be many orders of magnitude less than the resident con-
centration (Zhang et al. 2006). Because the main focus of
this study is to predict the BTC of CR,m, we discuss the
transformation only briefly.

For a mobile/immobile model with a power law
memory function g(t) ¼ t2c/G(1 2 c) (Schumer et al.
2003), the flux concentration can be transformed
directly from its resident counterpart (Zhang et al.
2006):

CFðx; tÞ’
xc

vt 2 xð1 2 cÞ CRðx; tÞ ð12Þ

However, when the memory function is a summation of
exponentials like Equation 6, the transformation cannot
be derived analytically, except for the single-rate transfer
model (for example, see the transformation given by
Toride et al. 1993, 1995). Thus, we explore the trans-
formation numerically here.

Fitting results (represented by the light lines in
Figure 4) suggest the following transform formula:

CF;mðx; tlateÞ ¼ b
x

tlate
CR;mðx; tlateÞ ð13Þ

where CF,m denotes the flux concentration in the mobile
phase, and the fitting parameter b [TL21] is 0.2 year/m
for all control planes. The transformation (Equation 13)
may be physically interpreted as the actual travel process:
it takes a time of t for the solute with mass CR,m(x,t) to
reach (actually cross) location x. The magnitude of b may
be related to the velocity v and the memory function g(t),
and the best-fit parameter b may imply the similarity of
the transformation (Equation 13 to Equation 12). Because
the slope of the log-log power law late-time BTC of CR,m

is approximately 22 (Figure 4), the index c in Equation
12 should be approximately 1 (for details, see Zhang
et al. [2006] or Schumer et al. [2003]). The best-fit value
of b, 0.2 year/m, is actually very close to the ratio of c/v.
So the formula (Equation 13) can be regarded as a special
case of Equation 12. Future study is needed to test this
hypothesis and explore the geological meaning of the
parameter b.

Conclusions

1. Monte Carlo simulations show that the transport of con-

servative tracers in regional-scale alluvial aquifer/aquitard

systems is non-Fickian (or anomalous) because the

ensemble BTC contains a heavy late tail and thus deviates

significantly from Gaussian plume. The majority of the

late tail decays according to a power law with a final tran-

sition to exponential decay. The power law decay of the

mobile domain BTC is faster than the immobile domain

(and the total domain), with a difference of unity between

the slopes on a log-log plot. Furthermore, the BTC based

on the flux concentration also decays faster than the resi-

dent concentration, and the difference in slopes on a log-

log plot is also unity.

2. The late-time concentration for solutes in the mobile

domain can be approximated by a weighted sum of expo-

nential functions. The shape of the late tail of BTCs de-

pends on the thicknesses and the associated volume

proportions of diffusion-limited layers. This information

can be gleaned from boring logs.

3. The late tail of BTCs can be predicted quite accurately

using the MRMT method, if we can estimate the mean

advective residence time tad, which can be approxi-

mated by L=�v, where �v is the arithmetic mean of ground

water velocities. Accurate prediction of the late-time

BTC is relatively insensitive to errors in the estimation

of tad.

4. The difference in breakthrough for each realization, signi-

fying the lack of predictability of a single particular field

setting, is greatest for the early BTC at close distances

(see also the discussion in supplementary material). When

the control plane is located a number of mean facies

lengths away from the source, all realizations have similar

late-time BTC tails.

5. The application of the MRMT method should not be lim-

ited to the fine-grain dominated alluvial system discussed

by this study. The MRMT method is appropriate for dif-

ferent pdfs of immobile block volumes and can simulate

different late tails.

6. This is the first example of parameterizing an analytical

MRMT model from measured hydrofacies properties

(volume fractions of fine-grained layers from boring logs)

to predict the late-time BTCs. We anticipate that the

extremely parsimonious model developed in this study

may also be used to quantitatively relating the subsurface

heterogeneity to nonlocal transport parameters, such

as the empirical waiting time density used in the CTRW

formalism.

Supplementary Material
The following supplementary material is available

for this article:
The Empirical Multi-Channel Transport Method to

Predict the Early Tail of Breakthrough Curves in Regional-
Scale Alluvial Systems

This material is available as part of the on-line article
from:

http://www.blackwell-synergy.com/doi/abs/10.1111/
j.1745-6584.2007.00320.x

(This link will take you to the article abstract).
Please note: Blackwell Publishing is not responsible

for the content or functionality of any supplementary ma-
terials supplied by the authors. Any queries (other than
missing material) should be directed to the corresponding
author for the article.
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