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Operator splitting algorithm for isokinetic SLLOD molecular dynamics
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We apply an operator splitting method to develop a simulation algorithm that has complete
analytical solutions for the Gaussian thermostated SLLOD equations of nitiah Evans and G.

P. Morriss, Phys. Rev. A0, 1528(1984] for a system under shear. This leads to a homogeneous
algorithm for performing both equilibrium and nonequilibrium isokinetic molecular dynamics
simulation. The resulting algorithm is computationally efficient. In particular, larger integration time
steps can be used compared to simulations with regular Gaussian thermostated SLLOD equations of
motion. The utility and accuracy of the algorithm are demonstrated through application to the
Weeks—Chandler—Anderson fluid. Although strict conservation of the kinetic energy suppresses
thermal fluctuations in the system, this algorithm does not allow simulations at lower shear rates
than those normally afforded by older nonequilibrium molecular dynamics simulatior2)08
American Institute of PhysicfDOI: 10.1063/1.1858861

I. INTRODUCTION dynamics simulation of a number of different systems, from
simple model fluids to complex fluids involving, for ex-
Molecular dynamic§MD) simulations have become a ample, internal restraints, disparate masses, and long-range
powerful tool with which to investigate the transport proper-forces. Furthermore, application of multiple-time-step tech-
ties of liquids. In particular, both equilibrium and nonequi- niques such as the Verlet/rRESPA algorithm has provided
librium molecular dynamics methods have been widely usedjreat success in the simulation of atomistically detailed mod-
in simulation work to study the diffusion, viscosity, and heatels, where the fast internal motions of the atoms can be sepa-
conductivity of model fluids. As a result of the increasing rated from the intermolecular interactioHs:?
complexity and size of the systems being studied, significant In MD simulations generally a Nosé—Hoov&r or
effort has been devoted to developing efficient numerical alGaussian thermostétis used to control the system’s tem-
gorithms to integrate the equations of motion. These rangperature, which generates canonical or isokinetic ensembles,
from the general-purpose ordinary differential equation solvtespectively. The Nosé—Hoover thermostat allows the tem-
ers to the more recent symplectic numerical integratdts. perature to fluctuate and therefore describes a true canonical
For Hamiltonian systems, such as the conventional microcaensemble. However, the Gaussian thermostat, which origi-
nonical (N-V-E) ensemble, there are explicit symplectic in- nates from the idea of Gauss’ principle of least constréint,
tegratorgsuch as the Verlet algorithmsor use in MD simu- ~ provides an isokinetic energy simulation, which keeps the
lations, which are stable, efficient, phase space areaverage kinetic energy per particle rigorously constant and
preserving, and time reversible. For non-Hamiltonian syssuppresses the fluctuations. Thus the isokinetic scheme pro-
tems, “extended phase space” or “extended systems” a@uces the canonical ensemble distribution in coordinate
used to generate nonmicrocanonical ensembles such as theace and yields the correct canonical ensemble averages for
canonical(N-V-T), isothermal-isobari¢N-P-T), and isoki- all properties that depend only on the positions of the
netic ensembles. For driven or constrained systems, a simil@articles]**® but the thermal fluctuations are suppressed.
idea of extended systems can be used to derive symplectién advantage of using the Gaussian thermostat over the
like integrators. Martynat al® reported comprehensive deri- Nosé—Hoover method is that one does not have to predeter-

vations of explicit, reversible integrators for extended sys-mine a relaxation time.

tems of canonical and isothermal-isobaric ensembles. The Gaussian thermostated SLLOD equatidmg mo-
Tuckerman and co-worketd’ laid the statistical mechanical tion for particlei being simulated in planar Couette flow are
foundation for numerical integrators for use in non- given by Eq.(1):

Hamiltonian systems by generalizing results for Hamiltonian

systems. Such integrators have been applied to the molecular % - % + YR,
i
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d d)=: Il. OPERATOR SPLITTING INTEGRATOR

— 0 (t) =,

dt Given the equations of motion, any phase space trajec-
wherer =(x,y,z) andp=(p,,py,p,) denote the positions and tory can be described by a time propagator based on the
momenta of the particles in phase spagés the shear rate, Liouville operatoriL=I"-(d/JI') of the system wherd"

d, is the lattice strain associated with the Lees—Edwards pe=(r,p). Starting with an initial statd’(0)=[r(0),p(0)], the
riodic boundary conditiort§ adopted in the simulatiorkisa  state of the system at tinteis given by

unit vector in thex direction, andF; is the force acting on )

particlei. a is the Gaussian thermostat multiplier used to fix ~ I'(t) = expiLt)['(0). 3

the kinetic energy at each time step along the trajectory. It i

casily shown that is given at each time step by ﬁ'he time propagator of the phase space trajectory can be

approximated by the noncommuting subpropagators through

Ei (Fi . % - .7px,ipy,i/mi) a factorization of the type,
_ |
a= s o2 : 2 exp(iLAY) = exgf(iL ; +iL,)At]
im, At At
M = ex;{;ih) exp(AtiLQexp(EiLl)
Since a depends on both the forces and momenta of the
particles, energy drifts when a conventional integrator is +0O(At3), (4)

used to integrate the Gaussian thermostated SLLOD equa-
tions. To offset this effect, additional measures, such asdan Wwhich is known as a second-order symmetrized Trotter
hocrescaling of the velocities or incorporating an additionalfactorizatiort® with error of O(At%). The Liouville operator
feedback term, have to be used to prevent the energy fro®r the Gaussian thermostated SLLOD equations of motions
drifting.’ (1) is given by
In an effort to eliminate the need fad hoc velocity
scaling, Zhan§ used operator splitting to develop a near- iL=>F, _&i +p; L9 +d
1

symplectic integrator for isokinetic equilibrium MD simula- i 7 P ddy

tion that is easy to program, time reversible, and kinetic en-

ergy conserving. The equations of motion are split into => b i_ + Y2V, LA > F G

equations involving changing vector fields of only the posi- i Moo [ 2O Ip;

tions or momenta of the particles. For the latter, the force is J 9 P

constrained with the Gaussian thermostat multiplier. Through Y2 Py maX Pty (5)
this operator splitting technique the equations for both vector i Py i i J0

fields can be solved exactly, which ensures the conservation . . . .
of kinetic energy at each step in the time simulation andThIS operator can be decqmposed Into a position opesagor
therefore eliminates any temperature drift. A similar stra?egy and a momentum operatirg as
has been applied to the Gaussian thermostated SLLOD equa- iL=il,+ilg (6)
tions for nonequilibrium systems. In this non-Hamiltonian '
system, since the shear field couples with the momenta, angshere
lytical solution of the differential equations for momenta was
not possible and numerical solutions were used. Several it- St N vy 0
erative schemes were tested to solve the momentum equa? "~ = o ady
tions of motion and they demonstratedPthe accuracy and sta-
bility of the operator splitting integratofs. _~x P 9 . d - d

In this work the analytical algorithm originally due to - ; m oo * 7; i IX; * o ady @)
Martynd?® is presented, which is applicable to simulatibns
of both equilibrium and nonequilibriunfSLLOD) Gaussian

thermostated systems. As in the equilibrium and nonequilibi_, = ' p, A

rium operator splitting methods, this algorithm developed by i I

Martyna® controls the temperature remarkably well. We test 5 P P

the efficiency of this algorithm by using larger time steps = > F - —-y>y,-— —a >, p; - —. (8)
compared to regular Gaussian thermostated SLLOD, as well i api i I, i i

as testing the lower strain rate regime in nonequilibrium mo- 3 o
lecular dynamic$NEMD). We proceed as follows: the com- To orderAt®, the secon_d-order Trotter factorization in E4).
posite algorithm of Zhang's version of the Martyna form of &llOWs two types of time propagatofsienoted byU(At)]
the algorithm will be presented as a homogeneous algorithrt BA @ndBAB to be generated

for both EMD and NEMD in Sec. Il. In Sec. lll, details of At 9 9 At P
the simulations performed with the algorithm for the Weeks—  U(At) = ex;< —A- —)exp(AtB . —)exp( —A- —)
Chandler—AndersofWCA) fluid are given and the simula- 2 ar ar 2 Jar
tion results are presented in Sec. IV. (9)
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TABLE I. Simulation values of the reduced pressure, mean energy per particle, shear viscosity, and out-of-plane and in-plane viscositiessitediffeates
for 256 particles and time step of 0.003. Steps are listed in millions. Figures in parentheses are the statistical uncertainties in the last digits.

% At Nts P E'/N 7(y) - Mo
0.0010 0.003 100 6.37810) 1.801 133) 2.28118) -1.9916) -3.849110)
0.0100 0.003 30 6.3789) 1.801 183) 2.36(18) -0.2516) -0.3719)
0.0200 0.003 15 3.3795) 1.801 277) 2.31(2) -0.052) -0.153)
0.0400 0.003 14 6.3825) 1.801 627) 2.32113) -0.03211) -0.09013)
0.0625 0.003 13 6.3864) 1.802 268) 2.3009) -0.0157) -0.0549)
0.0900 0.003 12 6.3929) 1.803 248) 2.2826) 0.0055) -0.0146)
0.1225 0.003 11 6.4089) 1.804 938) 2.2795) 0.021(4) -0.0035)
0.1600 0.003 10 6.4208) 1.807 479) 2.2354) 0.0373) 0.0144)
0.2025 0.003 9 6.4416) 1.810 71998) 2.2093) 0.0473) 0.0233)
0.2500 0.003 8 6.4690) 1.814 8310) 2.1653) 0.0672) 0.0243)
0.3600 0.003 7 6.5439) 1.826 3812 2.0952) 0.088517) 0.0282)
0.4900 0.003 6 6.6418) 1.841 8113 2.0092) 0.109314) 0.030616)
0.6400 0.003 5 6.76850) 1.862 1816) 1.9371) 0.134113 0.026%15)
0.8100 0.003 4 6.93101) 1.888 8618) 1.871(1) 0.152411) 0.025813)
1.0000 0.003 4 7.12783 1.921 7G20) 1.8091) 0.17069) 0.023§11)
At 9 J At J Due to the coupling of the shear rageand forces in the
u(a) = eX[{EB ' E)ex‘{AtA : —F>ex EB ' E) Gaussian thermostat multiplier an analytic solution to vec-
(10 tor B can only be obtained when the strain rate vanishes,

leading to the equilibrium Gaussian thermostated equations
Considering that force evaluations take up most of the CPWf motion as formulated by Zhang in 199#owever, by
time in a simulation, a time propagator which requires feweSing a further split on vectds as suggested by Martyrid,
force calculations would be preferred. Therefore, since forcd IS possible to derive an analytic solution for a set of re-
evaluation is done in step, time the propagatoABA re- versible, kinetic energy conserving equations. In particular,
quires only one force evaluation and improves computationd® ¢an be split to decouple the shear field and the forces:
efficiency over the propagator of tyd®AB. The Liouville ~ USINgB; for the equations containing the shearing field
operators in Eqs(7) and (8) correspond to vectors for posi-

tion and momentum, respectively, % =0,
f LIS
a=lo]=| (1D) doi_ .o 4
N L B o) Bfa == YPyiX — a1y, (14)
dx :y
and d . _
—dy=0,
. dt ™~
I 0
Bi=|Pi |=|Fi-%¥pyi—ap; |- (12)  Where
. 0 .
A = 3. ¥Pupyim
Analytical solutions can be derived for the differential equa- ~ %1~ S p2m (15
tions associated with vectdk at fixed momenta as given i Pilm

below . -
andB, for the equations containing the forces

X (t+At) =x(t) + Atyy(b),

LI
yi(t+At) =y;(t), dt '
z(t+ At) = z(1), (13 dp;
2 Fi— aypi, (16)
d,(t + At) = d,(t) + Aty,
pi(t+AD =pi(D), d4-0.
dt

wherex, y, andz are the coordinates of particles in a curvi-
linear coordinate system. where
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TABLE II. Simulation values of the reduced pressure, mean energy per particle, shear viscosity, and out-of-plane and in-plane viscositezg ahédiffer
rates for 2048 particles and various time-step sizes. Figures in parentheses are the statistical uncertainties in the last digits.

% At Nts P E'/N 7(y) 7- 8
0.0010 0.003 100 6.390 70 1.807 571) 2.3317) 0.0056) 0.00Q7)
0.01 200 6.394 8@) 1.808 761) 2.323) 0.022) 0.003)
0.02 100 6.408 42) 1.812 791) 2.39812 0.02412) -0.00713
0.0100 0.01 60 6.394 95) 1.808 781) 2.3315) 0.0114) 0.00Q5)
0.02 30 6.408 6(B) 1.812 821) 2.3515) -0.0024) 0.0085)
0.0200 0.003 30 6.391 112) 1.807 642) 2.3306) 0.0058) 0.0086)
0.01 18 6.395 7(8) 1.808 891) 2.3345) 0.0074) 0.0015)
0.02 18 6.409 2(6) 1.812 901) 2.3503) 0.0093) 0.00643)
0.0400 0.02 16 6.411 %6) 1.813 241) 2.349416) 0.010614) 0.010 @17)
0.0625 0.003 20 6.397 815) 1.808 662) 2.3092) 0.0232) 0.0163)
0.01 14 6.402 02L0) 1.809 842) 2.318215) 0.018813) 0.016 915)
0.02 14 6.415 87) 1.813 901) 2.339611) 0.018610) 0.014 q12)
0.0900 0.02 12 6.423 2B 1.815012) 2.32199) 0.02768) 0.021 §9)
0.1225 0.003 10 6.4162 1.811 423) 2.272517) 0.038615) 0.026 518)
0.01 10 6.420 5@1) 1.812 632) 2.276910) 0.03778) 0.027 q10)
0.02 10 6.434 8@) 1.816 771) 2.29887) 0.03796) 0.026 97)
0.1600 0.02 9 6.451 39) 1.819 271) 2.26936) 0.048715) 0.032 46)
0.2025 0.003 9 6.453(9) 1.817 1%3) 2.208311) 0.058210) 0.035 G11)
0.01 9 6.458 3d.2) 1.818 392) 2.21426) 0.05835) 0.035 37)
0.02 9 6.473 20) 1.822 621) 2.23384) 0.05844) 0.034 §4)
0.2500 0.02 8 6.500 98) 1.826 871) 2.19534) 0.06993) 0.037 54)
0.3600 0.003 7 6.653(9) 1.832 594) 2.09137) 0.09036) 0.037 §8)
0.01 7 6.559 0dL5) 1.833 962) 2.09544) 0.08923) 0.039 34)
0.02 7 6.575 06L0) 1.838 392) 2.11283) 0.09072) 0.038 93)
0.4900 0.02 6 6.675 491) 1.854 272) 2.03152) 0.11232) 0.037 42)
0.6400 0.003 5 6.780(3) 1.868 735) 1.93785) 0.13014) 0.032 15)
0.01 5 6.786 0(L9) 1.870 223) 1.94163) 0.13062) 0.032 83)
0.02 5 6.804 9114) 1.875 172) 1.95622) 0.13242) 0.032 92)
0.8100 0.02 4 6.966 946) 1.901 883) 1.88782) 0.15211) 0.027 32)
1.0000 0.003 4 7.137(3) 1.928 067) 1.80894) 0.168%3) 0.022 @4)
0.01 4 7.143 ®) 1.929 724) 1.81212) 0.168617) 0.022 42)
0.02 4 7.166 2QL7) 1.935 373) 1.82512) 0.17072) 0.022 3216)
Ei Fi . pi/mi dx(t + At) = dx(t)y
=, (17
>, piim g is defined as
In the splitting of vectorB, Gauss’ principle of least
constraint is applied in botiB; and B, to ensure kinetic (A1) = 1 (19)
energy conservation in each substep of integration. Thus, in V1 - 2c,At + C,At? '

all steps of the integratiofi.e., solvingA, B4, andB,), the
kinetic energy is conserved and fixed. Analytic solutions for,,,
the equations of motion associated with vedBrand B,.

here

ForB; _
-y (D (H/m
ri(t + At) - I’i(t), C1= Ei piz/mig pX|(t)py|(t)/m| (20)
pi(t+ At) = g(AD[pi(t) — XAtypy(D)], (18  and
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FIG. 1. Shear viscosity vs square root of shear faté Simulations use the ~ FIG. 3. Hydrostatic pressure vg'? in different sized systems using a re-
same step size 0.003. Open circles and squares are symbols for systemdiced simulation time step size of 0.003. Open circles and squares are data

256 particles and 2048 particles using the operator splitting algorithm. OpeRoints from system of 256 and 2048 obtained using the developed algo-
diamond symbols are data points from Travis's wéRef. 20. rithm. Open diamonds are from Ref. 20. The lines are linear least-squares

fits with respect toy*2

=" (D) pyi(t)/m;. 21
i Zﬁmgmmwom (0 dy(t+ A = dy(b),
Similarly, solutions forB, are given by wheree, B, andh are defined as
ri(t+At) =r;(v),
e(At) = exp(— BAL), (23)
(t + At) - 17_h
i ~ (A1) - hie(AD)
x| pi(t) = Fi(t) , B= (24)
pl | (l _ h)ﬁ
(22)
and
194 r =
’
R e —
192 | . !
190 F 1 192 ]
188 | : 180 | ]
5 [
188 | .
186 | o z [
== -2048 wl
184 —o— Travis 2048 ] 1.86 |- —-©--0.003 1
-3 -0.01
——0.02
182 1.84 ]
1.80 -l ul L 1.82 N
0 02 0.4 06 08 1 12
312 180 L —
o 0.2 0.4 06 08 1 12

.32
FIG. 2. Simulated energy per particle in systems of different sizes with a

time-step size of 0.003 as a function ¥¥2 Open circles and squares are

data points from system of 256 and 2048 particles, respectively, obtaine8IG. 4. Simulation time-step size effect on hydrostatic pressure in a system
using the developed algorithm. Open diamonds are data points from Ref. 2@f 2048 particles. Open circles are from simulations using a time-step size of
The lines are the linear fits of the data points with respegtband error 0.003, open squares from those of 0.01, and open diamonds from those of
bars are too small to be shown. 0.02. The lines are linear least-squares fit with respegffo
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FIG. 5. Energy simulations for 2048 particles using different time-stepFIG. 6. Simulated shear viscosities as a functiory8t in a 2048 particle
sizes. The open circles are from simulations of step size 0.003, open squarggstem using the proposed algorithm with different time-step sizes 0.003,
from step size 0.01, and open diamonds from step size 0.02. The lines afs01, and 0.02. The error bars are shown in the figures, which are small.
linear fit curves of the data points with respectf?. The error bars are too

small to be displayed. operator splitting approach oAB;B,B;A minimizes CPU
time accordingly. For an equilibrium MD simulation in
a(t) + B which no flow field is present, the operat®f vanishes and
= m, (25 the operator splitting algorithm for7kinetic energy conserving
equilibrium simulation is recovered.
where To summarize, the algorithm provides a homogeneous

2 to/m scheme that can be used to perform kinetic energy conserv-
i 1 il ,g  ing MD simulations that is explicit and time reversible. Ad-
S pAm, : (26) ditionally, it is computational efficient, less memory demand-

P ing, and as we shall show in the results section, allows for

The time propagatorAB,B,B,A can be generated larger integrating time steps compared to conventional inte-
through a second-order Trotter factorization with a singledrators.
force evaluation in thé, step. Formally this set of steps is Il SIMULATION DETAILS

at) =

written as _ . _
A A Travis and co-workefé have carried out extensive
U(At)zex;{—tA -i)exp<—tBl-i>exp(Ath-i> NEMD simulations on a WCA fluitt [u(r)=4(r"12-r9)
2 ar 2 oI ar
2,60 . . T
xexp(gB i)ex Aty i) (27) (
2t ar 2 ) [ ]
. . N . 240} .
In each substep of the integration the kinetic energy is T e ]
strictly conserved and due to the exact analytical solutions
provided for each operator, kinetic energy drift will not occur 220 [
during a particular time step, at least @At)3. Since the 1
force evaluation is required only once in the oper&grthe i
1 --©--0.003
_ . N , 200F |[—-=-0.01
TABLE lII. Linear least-squares fit coefficients of internal energy and hy- - ——0.02
drostatic pressure for systems of different sizes and different simulation H
time-step sizes. Energy is fit &(y)/N=Ey+E;7*? and pressure is fit as
P(y)=Py+P;y*2 Uncertainties in the last digit are given in parentheses. 1.80 -
Simulation At Eo E, Po P,
1.60 E—— e
256 0.003 1.8002) 1.12125) 6.3761) 0.7583 0.001 0.01 0.1 1

) )
2048 0.003 1.806@) 1.12145) 6.38§2) 0.7535) y
0.01 1.8078&) 1.12195 6.3922) 0.7565)
) ) FIG. 7. The shear viscosities of WCA fluid of 2048 particles measured using
) ) different time-step sizes as a function of shear rateThe open circle,
square, and diamond symbols correspond to time step sizes 0.003, 0.01, and
*Reference 20. 0.02. The lines are fitted Cross model curves.

0.02  1.812() 1.12334) 6.4061) 0.7643
a 1.80741) 1.12124) 6.3892) 0.75@4
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+1,r<2Y6:u(r)=0,r >26] of 2048 particles using the TABLE IV. The Cross model fit parameters for simulations with time-step
Gaussian thermostated SLLOD equations of motion and ex&2€ 0-003, 0.01, and 0.02.
plored the strain rate dependence of a range of rheological

. . At 7(0) Moo K m
properties. In that work the WCA potential parameter=nd
o as well as the particle mass were set to be unity. The 0.003 2.3363) 1.533) 1.569) 1.455)
particle density wasp =0.8442 and the temperatur® 0.01 2.3424) 1.544) 1.6(2) 1.476)
=0.722. In this work we have deliberately chosen to study 002 2.3512) 1.603) 1.708) 1.565)

the same model fluid at the same density and temperature,
but have simulated two systems consisting of 256 and 2048

particles in order to determine if any system size dependendeoints very well for both the internal energy and the hydro-
is associated with the new algorithm. Also, different reducedstatic pressure and the fitted values of the coefficients are
time steps ranging from 0.003 to 0.02 were used in our simulisted in Table Ill. However, the energy per particle shows a
lations of the larger system to explore the limit of step size Significant number dependence as can be seen from a com-
In the NEMD simulations the viscosity of the fluiglis de- ~ parison of the results for the systems of 256 and 2048 par-
termined by measuring the pressure tensor during the simdicles. A similar number dependence can be seen for the hy-

lation, drostatic pressuré~ig. 3). Our simulations for 2048 particles
using the new algorithm predict pressures that are in good
= @ﬁ (28) agreement with the results of Ref. 20. A slight underpredic-
Y tion is observed for the pressure when simulating with 256

particles as compared with 2048 particles.

The strain rate dependent viscosities for simulations with
time steps of 0.003, 0.01, and 0.02 are plotted in Fig. 6 with
respect toy*’? and in Fig. 7 with respect tg on a log scale.

IV. RESULTS While the viscosities using time steps 0.003 and 0.01 are

The results of the NEMD simulations for 256 and 2048 €"Y close to each other, deviations are observed for the larg-

particle systems are given in Tables | and I, respectivelyeSt reduced time step of 0.02. Figure 4 shows that a single

. X square root functional form of strain rate, as suggested by the
The proposed algorithm is very stable and completely con: . ) )

L : . . . mode coupling theo?ﬁ is not good enough to describe the
serves kinetic energy during the simulations. This was dem\-/iSCosit dependence on strain rat2 The viscosities are
onstrated from a simulation of 256 particles at reduced shear y dep '

rate 0.001 using a reduced time step of 0.02. During th e.tter fitted to the Cross mo&%givgn bY Eq.(19) with four
simulation, the temperature deviation from the set value rosf—i\‘dju‘qta1ble parameters, as shown in Fig. 5.
from 2.53x 107 in the first 16 time steps to 1.3%10°° in 2(¥) = 7 1
10° time steps, gll att.ri.butable to machin_e rounding errors. 70) - 7. = 1+(Ky™

The shear viscosities of the WCA fluid from simulations
of 256 and 2048 particles using the new algorithm versus théhe parameters obtained in these fits are given in Table IV.
square root of the shear rate are plotted in Fig. 1. For comWWe note that to within statistical uncertainty can be taken
parison we have also included the results of Travis, Searle9 be 1.5 and that the values §f0) for the two smaller time
and Evan? for a time step ofAt"=0.003. In Fig. 1, we see Steps(0.003 and 0.0lare statistically identical.
that to within their combined uncertainty, the data points ~ Normal stress differences are also of interest in studying
from the new algorithm using either 256 or 2048 particlesthe rheological behavior of fluids. The in-plane viscosity
and the data of Travis, Searles, and EVafell on the same and out-of-plane viscosityy, are defined in Eqs(29) and
curve. The viscosities exhibit shear thinning behavior at higH30):

whereP,, is thexy element of the pressure tensor in coordi-
nates with strain rate defined &sdv,/dy.

(29)

strain rates and there is a Newtonian platea_lu at low strain 7=~ (P = Pyy)I2Y, (30)
rates. Figures 2 and 3 compare our results with those of Ref.
20 for the mode coupling theory prediction that the hydro- 0= - [Pzz‘ %(Pxx+ Pyy)]IZ'y, (31)

static pressure and internal energy per particle depend on the
shear rate ay*. Throughout this work the internal energy whereP,,, P,,, andP,, are the diagonal components of the
per particle was calculated as the sum of the WCA interacpressure tensor which contribute to the transverse pressure
tions divided byN. The internal energy per particle in the component. The in-plane and out-of-plane viscosities are re-
simulations performed with 2048 particles from the new al-lated to the normal stress differences, which are very difficult
gorithm show a very slight difference from those reported into measure accurately, particularly at low strain rates. From
Ref. 20. the data given in Tables | and Il, we note that both the in-
Simulations of the 2048 particle system using larger timeplane and out-of-plane viscosities show a strong number de-
steps of 0.01 and 0.02 have also been performed to probe tipendence. The in-plane viscosities for the different time-step
efficiency and stability of the proposed algorithm as thesizes for 2048 particles are plotted in Fig. 8. The simulations
time-step size is increased. Figures 4 and 5 show the effect aising the new algorithm with step sizes 0.003, 0.01, and 0.02
time-step size on our simulation results for the hydrostatiall agree within the error range with each other and with
pressure and internal energy per particle. Linear least-squar@savis’ work2® except at low strain rates. As the strain rate
fits of these results as functions §f/? reproduce the data increases, the in-plane viscosity increases and then decreases
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0.05 ——— 1 ] in-plane and out-of-plane viscosities are not as sensitive as
[ ] the shear viscosities to step size, however, they show a very
004 [ I ? ] strong number dependence.
[ 170 $ o ] V. CONCLUSION
0.03

We have used a homogeneous algorithm, the Zhang—
Martyna (ZM) composite algorithm, for kinetic energy con-

O+
o
+
o
e |

£ 002 serving simulations using the Gaussian thermostated equa-
[ ] tions of motion for both equilibriufh and SLLOD
0.01 F + O 0003, Travis | nonequilibrium dynamic& In the algorithm the extended
[ * N 8-8(1’3 ] system Liouville operator is split in order to develop an ana-
000 [ b + 002 _ lytic solution and Gauss’ principle of least constraint is ap-

plied. This enables the temperature to be fixed at each sub-
[ ] step of the operator manipulation, thus conserving the kinetic
00 ] energy at each integration time step. Since the kinetic energy
0 02 0.4 0.6 08 1 2 s strictly fixed, no drift in the temperature is observed,
though a slight deviation is noted due to the accumulation of
FIG. 8. In-plane viscosity as a function of shear ratfor systems of 2048 Numerical errors by some other conventional integrators. In
particles using different time steps. Open circles are from Ref. 20. Opeithis sense, the new algorithm provides a way to realize the
squares, diamonds, ar_1d crosses are simulations using the developed alggenuine" isokinetic simulation of a SLLOD shearing sys-
rithm. Error bars are displayed. tem. With the new algorithm the evolution of each trajectory
requires information on only the previous time state of phase
at a reduced shear rate of around 0.5. The out-of-plane vispace, and no empirical relaxation time is required for tem-
cosities, shown for 2048 particles in Fig. 9, increase monoperature control. This should make the algorithm very useful
tonically with the square root of the strain rate. Out-of-planewhen accurate descriptions of transient states in simulations
viscosity data points from Ref. 20 and the new algorithmare required. For example, the new integrator should be ideal
using different time-step sizes again essentially fall on onén transient time correlation function calculations.
master curve. The out-of-plane viscosity increases monotoni- The new operator splitting algorithm has been validated
cally with strain rates, which can be fitted very well to the through a comprehensive comparison of the rheological
function given by properties obtained from NEMD simulations with those from
Travis, Searles, and EvafisAt the same time-step size of
— (32) 0.003, the algorithm predicts viscosities, energies per par-
1+by ticle, and hydrostatic pressure in agreement with Travis’s
Due to the difficulty of measuring normal stress differencesldata' Thz stangy of the |n_t egLator_ en?b[es thﬁ.ladoptlgn. of
which result in values with relatively large error bars, the arger reduced time steps in t € simu athn while reta.lnmg
accurate results. The NEMD simulations with different time-
step sizes demonstrate that the new algorithm can be used

n-(y) =

0-20 T T ' ' with reduced time-step size of 0.01 while it still gets accurate

results as smaller time steps. We note, however, that the ZM

o5 ”8"0.882, Travis algorithm was not capable of accurately extending current
1sF |-B -0 1

NEMD simulations to extremely low shear ratés., less
than 0.001 found on the Newtonian plateau: it simply failed
in this sensitive yet important test of numerical integration of
NEMD for very low shear rate cases.

—6—0.01
—t-0.02
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